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Preface 



Of course, the most classical versions of Fourier analysis deal with functions on 
the circle and the real line, as well as their higher-dimensional counterparts. 
At the same time, there are more "fractal" types of situations, such as infinite 
products of cyclic groups, p-adic numbers, and solenoids. An overview of some 
of the relevant notions is given here, with examples like these especially in mind. 
In particular, although many cases have a lot of features in common, there is 
also some nice variety in other ways. 
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Chapter 1 

Preliminaries 



1.1 Real and complex numbers 

Remember that the absolute value \x\ of a real number x is defined to be equal 
to x when x > and to — x when x < 0. Thus \x\ > for every x in the real 
line R, and \x\ = if and only if x = 0. It is easy to see that 

(1.1) \x + y\<\x\ + \y\ 
and 

(1.2) \xy\ = \x\\y\ 
for every x, y £ R. 

A complex number z can be expressed as x + yi, where x and y are real 
numbers, and i 2 = —1. More precisely, x and y are known as the real and 
imaginary parts of z, which may be denoted Rez and Imz, respectively. The 
complex conjugate of z is defined by 

(1.3) z = x — yi, 
and it is easy to see that 

(1.4) z + w = ~z + w 
and 

(1.5) zUu = z w 

for every z, w in the complex plane C. 

The modulus of a complex number z = x + y i, x,y e R, is defined by 

(1.6) \z\ = (x 2 +y 2 ) 1/2 - 

Note that this reduces to the absolute value of z when y = 0, and that \z\ is 
the same as the standard Euclidean norm of (x,y) G R 2 for every z € C. In 
particular, it is well known that 

(1.7) \z + w\ < \z\ + \w\ 
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for every z,w E C. One can also check that 



(1.8) 




for every z E C, which implies that 



(1.9) 



\zw\ = \z\ \w 



for every z, w E C, by (1.5). 



1.2 The complex exponential function 



The complex exponential function is defined for each z E C by 



(1.10) 




where z- 7 is interpreted as being equal to 1 for each z when j = 0. As usual, j\ 
is "j factorial", the product of the integer from 1 to j, and interpreted as being 
equal to 1 when j = 0. It is easy to see that this series converges absolutely for 
each z E C, using the ratio test or by comparison with geometric series. This 
implies that the partial sums converge uniformly on bounded subsets of C, and 
hence that expz is a continuous function on C. 
If w is another complex number, then 



OO A oo u oo n A ry* A 

(i.iD „> P <Mi:9ra=£(£^)' 

3=0 J k=0 n=0 j=0 J K ■" 



using the standard expression for the product of two infinite series in terms of 
Cauchy products in the second step. More precisely, it is well known that the 
absolute convergence of the original series for the exponential function implies 
the absolute convergence of the Cauchy product series, and that the sum of 
the Cauchy product scries is the product of the original series. The binomial 
theorem implies that 



(1.12) 




for every z, w e C, so that 



(1.13) 



(expz) (expui) = exp(z + w). 



If we take w = — z in (1.13), then we get that 



(1.14) 



(expz) (exp(— z)) = cxpO = 1 



for every z G C. In particular, expz ^ for each z E C. Note that expcc is a 
real number when x lies in the real line R. It is easy to see that exp x > 1 when 
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x > 0, and indeed that exp x is strictly increasing on the set of nonnegative real 
numbers. Since exp(— x) = l/(expx), as in (1.14), we get that < exp a; < 1 
when x < 0, and that expx is strictly increasing on all of R. 
Observe that 

(1.15) exp z = exp ~z 

for every z G C, because of (1.4) and (1.5). Similarly, 

(1.16) | exp2;| 2 = (expz) (expz) = cxp(z + z) = cxp(2 Re z), 
for every z G C, because of (1.5) and (1.13). 



1.3 Metrics and norms 

A metric space is a set M together with a nonnegative real-valued function 
d(x, y) defined for x, y G M such that d(x, y) = if and only if x = y, 

(1.17) d(x,y) = d(y,x) 
for every ie, y € M, and 

(1.18) d(a:, z) < d(cc, y) + d(y, z) 

for every x,y,z G M. Similarly, a norm on a vector space V over the real 
or complex numbers is a nonnegative real- valued function ||u|| on V such that 
\\v\\ = if and only if v = 0, 

(1.19) pv|| = |t|H 

for every d£ V and i G R or C, as appropriate, and 

(1.20) ||« + HI<IHI + IHI 

for every v, w G V. Here \t\ denotes the absolute value of t G R in the real case, 
and the modulus of t G C in the complex case. If ||w|| is a norm on V, then it 
is easy to see that 

(1.21) d(v,w) = \\v-w\\ 

defines a metric on V. 

Of course, the real line may be considered as a 1-dimcnsional real vector 
space, and the absolute value function defines a norm on R. The complex 
plane may also be considered as a 1-dimensional complex vector space, and the 
modulus defines a norm on C. The corresponding metrics are the standard 
Euclidean metrics on R and C, respectively. 

Let V be a real or complex vector space with a norm ||u|| again. An infinite 
series YlJLi v j with terms Vj G V is said to converge in V with respect to a 
norm if the corresponding sequence of partial sums Y^ij=i v j converges in V 
as n — > oo with respect to the metric (1.21) associated to the norm, in which 
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case the sum 



is denned to be the limit of the partial sums. Similarly, 



J2'jLi v j i s sa id to converge absolutely with respect to \\v\\ if 



(1.22) 



3=1 



converges as an infinite series of nonnegative real numbers. As in the classical 
situation of real or complex numbers, one can check that the sequence of partial 
sums X)j=i v j °f an absolutely convrergent series in V is a Cauchy sequence 
with respect to the associated metric (1.21), using the triangle inequality. If 
V is complete as a metric space with respect to (1.21), so that every Cauchy 
sequence of elements of V converges to an element of V, then V is said to be 
a Banach space with respect to the norm \\v\\. Thus an absolutely convergent 
series Y^jLi v j m a Banach space V converges in V, and it is easy to see that 



(1.23) 

by standard arguments. 



Y, v 3 <ElNI> 

3 = 1 3 = 1 



1.4 Inner product spaces 

Let V be a vector space over the real or complex numbers. An inner product 
on V is a real or complex- valued function (v,w), as appropriate, defined for 
v, w E V, and satisfying the following properties. First, (v, w) is a linear function 
of v for each w E W. Second, 

(1.24) (w,v) = (v,w) 
for every v, w E V in the real case, and 

(1.25) (w, v) = (v, w) 

for every v, w E V in the complex case. It follows that (v, w) is a linear function 
of w for each v £ V in the real case, and that (v, w) is conjugate-linear in w in 
the complex case. In the complex case, (1-25) also implies that (v,v) is a real 
number for every v E V. The third and last condition is that 

(1.26) («,«)> 

for every v E V with v ^ 0. Of course, (v,v) = when v = 0, because of the 
first condition about linearity. 

If {v, w) is an inner product on V, then we put 



(1.27) 



NI = M 1/2 
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for every v £ V. The Cauchy-Schwarz inequality states that 

(1.28) k«,«,>|<|hihi 

for every v, w G V. As usual, this can be shown using the fact that 

(1.29) (v + tw,v + tw) > 

for every t G R or C, as appropriate. Using the Cauchy-Schwarz inequality, 
one can check that 

(1.30) \\v + wf < \\v\\ 2 + 2 |H| ||w|| + ||w|| 2 = (||u|| + |H|) 2 

for each v,w G V, so that || • || satisfies the triangle inequality (1.20). This 
implies that \\v\\ defines a norm on V, since the positivity and homogeneity 
conditions for a norm follow directly from the definition of an inner product. 
In particular, (1.21) defines a metric on V, as in the previous section. If V is 
complete as a metric space with respect to (1.21), then V is said to be a Hilbert 
space. 

Let n be a positive integer, and let R™ and C" be the usual spaces of n- 
tuples of real and complex numbers, respectively. Remember that these are 
vector spaces with respect to coordinatewise addition and scalar multiplication. 
The standard inner product on R™ is defined by 

n 

(1.31) {v,w)=^2vjWj, 

3=1 

and the standard inner product on C™ is defined by 

n 

(1.32) (v,w) =^2vjWJ. 

3=1 

It is easy to see that these do define inner products on R™ and C", for which 
the corresponding norm 

(i-33) imh (En 2 ) 

3=1 

is the standard Euclidean norm. 

1.5 Orthogonal vectors 

Let V be a real or complex vector space, and let (v, w) be an inner product on 
V. A pair of vectors v,w <EV are said to be orthogonal if 



(1.34) 



(v,w) = 0, 
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which may be also expressed symbolically by v _L w. If v is orthogonal to w in 
V, then it is easy to see that 

(1.35) ||« + HI 2 = IMr + HI 2 - 

More precisely, (1.35) is equivalent to the orthgonality of v and w in the real 
case, and in the complex case (1.35) holds if and only if Re(w, w) = 0. Note that 
a complex vector space V may be considered as a real vector space by forgetting 
about scalar multiplication by i, and that the real part of an inner product on 
V as a complex vector space is an inner product on V as a real inner product 
space, which determines the same norm on V. 

Suppose that Vi, . . . ,v n are finitely many orthonormal vectors in V , so that 
vj _L vi when j ^ I and \\vj\\ = 1 for each j. Let W be the linear subspace of V 
spanned by v\, . . . , v n , and put 

n 

(1.36) Pw(v) =^2(v,Vj)vj 

for each v G V. Thus Pw defines a linear mapping from V into W , and it is easy 
to see that Pw{ v i) = v i f° r each I = 1, . . . ,n, which implies that Pw{w) = w 
for every w G W. Similarly, 

(1.37) (Pvr(v),vi) = (v,v t ), 

for each v € V and 1 < / < n, so that v — Pw(v) is orthogonal to vi for each I. 
This implies that (v — Pw{v)) -L w for every v G V and w G W. 

Conversely, let v G V be given, and suppose that u E W has the property 
that (v — u) _L u> for every w G W. Thus — u G W, and 

(1.38) P w (v)-u=(v-u)-(v-P w (v)) 

is also orthogonal to every w G W. If we apply this to w = P\y( v ) — u , then 
we get that Pw(v) — u is orthogonal to itself, and hence is equal to 0. This 
shows that Pw{v) is uniquely determined by the conditions that Pw{v) G W 
and (v — P\v{v)) _L w for every w G W. In particular, Piy(^) depends only on 
W, and not on the choice of orthonormal basis v\, . . . , v n of W. 
Note that 

(1.39) iHi 2 = iiiv(«)ir+ii«-iv(«)ii 2 

for each v G V, because Pw{v) G W and u — Pw{v) is orthogonal to every 
element of W, so that P\y(v) -L (v — Pw{v))- This implies that 

n 

(1.40) ll«l| 2 = El^^)| 2 + ll w -^WH 2 ' 
and hence that 

n 

(1.41) ElMI^IM! 2 - 
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If w G W, then (v — Pw{v)) is also orthogonal to Pw( v ) — w G W, so that 
(1.42) \\v-w\\ 2 = \\(v - P w (v)) - (P w (v) - w)\\ 2 



= \\v-P w (v)\\ 2 + \\P w (v)-w\\ 2 . 

It follows that 

(1.43) \\v-w\\ > \\v-P w (v)\\ 

for each w G W, and that equality holds in (1.43) if and only if w = Pw{v). 
Thus Pw(v) minimizes the distance to v among elements of W, and is uniquely 
determined by this property. 



1.6 Orthogonal sequences 

Let V be a real or complex vector space with an inner product (v, w) again, and 
let V\,V2, vs, . . . be a sequence of pairwise-orthogonal vectors in V. Note that 



(1.44) 



3=1 3=1 



for each positive integer n, as in (1.35). Thus the partial sums X)j=i v j °f 
Y^jLi v j have bounded norm in V if and only if 



(1.45) 



EN 



converges as an infinite series of nonnegative real numbers. In this case, one 
can check that the partial sums of X^Li v j fo rm a Cauchy sequence in V with 
respect to the metric associated to the norm. If V is complete, then it follows 
that J2jLi v j converges in V, and one can also check that 



(1.46) 



Now let vi,V2,V3, .. . be an infinite sequence of orthonormal vectors in V, 
and let W n be the linear span of Vi, . . . , v n for each positive integer n. Put 



(1.47) 

for each n, so that 
(1.48) 



Pn(v) = P Wn (V) = J2(V, Vj) Vj 
3=1 



\vf = ^\(v,Vj)\ 2 + \\v-P n (v) 

3 = 1 
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for each n, as in (1.40). Thus (1.41) holds for each n, which implies that 
\( v i v j)\' 2 converges as an infinite series of nonnegative real numbers, and 
satisfies 

oo 

(1.49) £imi 2 <h 2 . 

If V is complete, then it follows that 

oo 

(1.50) X>,"iK 

J=l 

converges in V, as before. 

Observe that U^Li i s a linear subspace of V, which is the linear span 
of the v/s. Let W be the closure of \J^ =1 W n in V with respect to the metric 
associated to the norm, which is a closed linear subspace of V. Equivalently, 
v G V is an element of W if and only if 

(1.51) lim ||v-P„(t;)|| =0, 

n— >oo 

because P n {v) minimizes the distance from v to W n for each n, as in (1.43), and 
W n C VKn+i for each n. This says exactly that (1.50) converges and is equal to 
v when v G W, which works whether or not V is complete. 

Suppose that (1.50) converges for some v G V, and let the sum be denoted 
P(v). Thus P(v) G W, and 

OO 

(1.52) \\p(v)\\ 2 = J2\(v>^)\ 2 <\n 2 - 

If Z is any positive integer, then 

(1.53) (P(v),vi)= ]im (P n (v), Vl ) = (v, Vl ), 

n— t-oo 

as in (1.37). This implies that (v — P(v)) _L w ; for each Z, and hence that 
(v — P(v)) J. to for every to G U^Li and indeed for every w G W. As 
in the previous section, is uniquely determined by the conditions that 

P(v) G W and (v — P(v)) -L w for every w G W . These conditions also imply 
that the analogues of (1-42) and (1.43) with Pw( v ) replaced by P(v) hold for 
each w G W, as before. Hence P(v) minimizes the distance from v to W, and 
is also uniquely determined by this property. If V is complete, then P(v) is 
defined for every v G V, and defines a linear mapping from V onto W. 



1.7 Minimizing distances 



Let V be a real or complex vector space with an inner product (v,w). The 
parallelogram law states that 



(1.54) 





2 






x + y 


+ 


x-y 


2 \\A\ 2 


2 




2 


2 



+ 
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for every x, y G V. This is easy to check, by expanding the norms in terms 
of the inner products, and observing that the cross terms cancel. Let W be a 
linear subspacc of V, let v be an element of W, and put 



(1.55) 



r = inf { | v — ty|| : w € W}. 



Also let Zj be an element of W such that 



(1.56) 



\\v-Zj\\ <r + l/j 



for each positive integer j. Applying the parallelogram law to x = v — Zj and 
y = v — Zk, we get that 



(1.57) 



v — 



Zj + Zk 



Zk 



v - Zj 



+ 



\V - Zfc 



for every j, k > 1. Because (zj + Zk)/2 £ W, we have that 



(1.58) 

for each j and k, and hence 
(1.59) 



Zj + z k 



r 2 + 



Zj 



> r 



(r+l/j) 2 (r + l/fc) 2 



using also (1.56). This implies that 

2 



(1.60) 



Zk 



< r (l/j + l/k) + (1/2) (1/j 2 + 1/fc 2 ) -> 



as j, fc — >• oo, so that {^j}^! is a Cauchy sequence in V. 

Suppose now that V is complete and that W is a closed linear subspace of 
V, so that {zj}^! converges to an element z of W. By construction, 



(1.61) 



v - z 



r. 



H w £W and t E R or C, as appropriate, then z-iwe W too, and hence 

(1.62) \\v- z\\ 2 <\\v- z + tw\\ 2 , 

by the definition (1.55) of r. In the real case, this implies that 

(1.63) l|v-z|| 2 < \\v - z\\ 2 + 2t (v - z,w) + f 2 \\w\\ 2 , 
and in the complex case, we get that 

(1.64) \\v-z\\ 2 < \\v-z\\ 2 + 2Rct(v-z,w) + \t\ 2 \\w\\ 2 . 
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In both cases, the minimum of the right side is attained at t = 0, and one can 
use this to show that 

(1.65) (v-z,w)=0 
for every w G W. 

As in Section 1.5, z is uniquely determined by the conditions that z € W 
and (v — z) _L w for every w € W. If we put Pw(v) = z, then it is easy to 
see that P\y defines a linear mapping from V into W, because these conditions 
characterizing Pw(v) are linear in v. Note that Pw{v) is the same as in in 
Section 1.5 when W is finite-dimensional, and that Pw(v) is the same as P(v) 
in Section 1.6 when W is the closure of the linear span of an orthonormal 
sequence in V. If W is infinite-dimensional and separable, in the sense that W 
has a countable dense subset, then one can use the Gram-Schmidt process to 
get an orthonormal sequence of vectors in W whose linear span is dense in W. 
As in the previous situations, P\v{ v ) — v when v £ W, and 

(1.66) ||JV(«)|| < INI 

for every v eV. 

The orthogonal complement W 1 - of W is defined by 

(1.67) W 1 - = {y e V : y _L w for every w G W}, 

which is automatically a closed linear subspace of V. The previous discussion 
implies that every element of V has a unique representation as a sum of elements 
of W and W 1 - when V is complete and W is a closed linear subspace of V. 



1.8 Summable functions 

Let E be a nonempty set, and let / be a nonnegative real- valued function on 
E. If A is a nonempty finite subset of E, then the sum 

(1.68) £ f{x) 

xeA 

of / over the elements of A can be defined in the usual way. The sum 

(1.69) J2 /(*) 

is defined as the supremum of the finite subsums (1.68) over all nonempty finite 
subsets A of E. More precisely, / is said to be summable on E if the finite sub- 
sums (1.68) have a finite upper bound in R, and otherwise (1.69) is interpreted 
as being +oo. 

If a is a nonnegative real number, then it is easy to see that 



(1.70) 



xeE xGE 
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with the convention that • (+00) = when a = and / is not summable on 
E. Similarly, if g is another nonncgative real-valued function on E, then one 
can check that 

(1.71) +g(x)) = J2 m + E 9(x), 

xeE xeE xeE 

with the usual conventions that b + (+00) = (+00) + b = +00 for every real 
number b and (+00) + (+00) = +00. In particular, if / and g are both summable 
functions on E, then / + g is summable too. 
Let e > be given, and put 

(1.72) E(f,e) = {x £E:f(x)>e}. 

If / is summable on E, then E(f, e) has only finitely many elements, and in fact 
(1-73) e (#£(/, e))<£ /(a), 

xeE 

where #A is the number of elements of a finite set A. It follows that 

00 

(1.74) {xeE: f(x) > 0} = |J E(f, l/n) 

n=l 

has only finitely or countably many elements when / is summable on E. 

Now let / be a real or complex-valued function on E, and let us say that 
/ is summable on E if |/(x)| is summable on E. Let £ (E) be the space of all 
summable functions on E, which may also be denoted I (E, R) or I (E, C), to 
indicate whether real or complex valued functions are being considered. It is 
easy to see that ^(E) is a vector space with respect to pointwise addition and 
scalar multiplication, and that 

(1-75) ll/l|i = £l/(*)l 

x€E 

defines a norm on ^{E). 

There are a couple of equivalent ways in which to define the sum (1.69) of a 
summable real or complex-valued function / on E. One way is to express / as 
a linear combination of nonnegative real- valued summable functions, and apply 
the previous definition to those. Another way is to use the fact that f{x) ^ 
for only finitely or countably many x £ E, by applying (1.74) to |/(x)|. This 
permits the sum (1.69) to be reduced to either a finite sum or an absolutely 
convergent infinite series. This also uses the fact that absolutely convergent 
series are invariant under rearrangements, so that the definition of (1.69) does 
not depend on the way that the x £ E with f(x) ^ are listed in a sequence. 

In both of these approaches, one can check that the sum (1.69) is linear in 
/, and satisfies 

(1-76) |£/(*)|<£l/(z)l, 

xGE x£E 
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where the right side is defined as before. Of course, the definition of the sum 
(1.69) is trivial when f(x) = for all but finitely many x € E, and one can 
show that the sum (1.69) for summable real or complex-valued functions on 
E is characterized by these properties. This is because the functions / on E 
with f(x) = for all but finitely many x £ E form a dense linear subspace of 
£ X (E) with respect to the metric associated to the I 1 norm ||/||i, and the sum 
(1.69) defines a uniformly continuous function on ^(E), since it is linear in / 
and satisfies (1.76). One can also use these properties to give another approach 
to the definition of the sum (1.69), because any uniformly continuous mapping 
from a dense subset of a metric space M into a complete metric space N can 
be extended to a uniformly continuous mapping from M into N . 

Suppose that {fj}^i is a Cauchy sequence in £ X (E) with respect to the t 1 
metric. This implies that {fj(x)}°^L 1 is a Cauchy sequence in R or C, as ap- 
propriate, for each x G E. Because the real and complex numbers are complete 
with respect to their standard metrics, it follows that {fj(x)}jt 1 converges for 
each x € E. If the limit is denoted f(x), then one can check that f(x) is also 
summable on E, and that {fj}j^i converges to / with respect to the I 1 norm, 
using the Cauchy condition for {fj}°^ 1 with respect to the i 1 norm. It follows 
that £ X {E) is complete, and hence a Banach space. 

1.9 j9-Summability 

Let E be a nonempty set, and let p be a positive real number. A real or complex- 
valued function / on E is said to be p-summable if \f(x)\ p is a summable function 
on E, in which case we put 



Let £ P (E) be the space of p-summable functions on E, which may also be denoted 
£ P (E, R) or £ P (E, C), to indicate whether real or complex-valued functions are 
being considered. As a substitute for p = oo, let £°°(E) be the space of bounded 
real or complex- valued functions on E, which may also be denoted £°°(E, R) or 
£°°(E, C) to indicate whether real or complex- valued functions are being used. 
If / e e°°(E), then we put 



If / is p-summable on E for any p > 0, then |/(ar)| < ||/|| p for each ie£, 
so that / is bounded on E and 



(1.77) 




i6£ 



(1.78) 



||/|U = sup|/(x)|. 



(1.79) 



ll/lloc < H/ll 



Similarly, if p < q < oo, then / is g-summable and 



(1.80) 



11/11, < 11/11 
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To see this, observe that 

(i-8i) \m\ q <\\w- p \m\ p <\\f\\r p \m\ p 

for each x e E, so that 

(i.82) n/112 = j2 \m\ q < n/ir p E i/wi" ^ n/iir p ii/iis - ii/iis- 

If p is a positive real number, / is a p-summable function on E, and a is a 
real or complex number, as appropriate, then it is easy to see that af(x) is also 
p-summable on E, and that 

(1-83) l|a/l| P =MII/L- 

Similarly, if / and g are p-summable functions on E, then one can check that 
/ + g is also p-summable, because 

(l.M)\f(x)+g(x)\* < (\f(x)\ + \ 9 (xW<(2m &X (\f(x)l\g( X )\)r 

= 2" max(|/(x)|f, 1^(07)1") < 2 P (\f(x)\ p + \g(x)\") 

for every x G E. Thus £ P (E) is a vector space with respect to pointwise addition 
and scalar multiplication when < p < oo, which can also be verified directly 
from the definitions when p — oo. 

As in the previous section, ||/||i defines a norm on £ (E), and it is easy to 
see that ||/||oo defines a norm on £°°(E). It is well known that ||/|| p also defines 
a norm on £ P (E) when 1 < p < oo. One way to show this is to check that the 
unit ball in £ P (E) is convex when p > 1, using the convexity of the function r p 
on the set of nonnegative real numbers. If < p < 1 and E has at least two 
elements, then the unit ball in £ P {E) is not convex, and ||/|| p does not define a 
norm on £ P (E). There is however an alternative to this, as follows. 

If < p < 1 and a, b are nonnegative real numbers, then 

(1.85) (a + b) p < a p + b p . 

This can be derived from (1.80) with q = 1, by taking E to be a set with exactly 
two elements. If / and g are p-summable functions on any set E and < p < 1, 
then we get that 

(1.86) \f(x)+g(x)\ p < (\f(x)\ + \g(x)\r < \.f(x)\ p + \g(x)\ p 
for each x £ E, and hence 

(1-87) ll/ + 0ll?<ll/IIS+ll3llS- 

This implies that 

(1-88) ' d p {f,g) = \\f-g\\ p 

defines a metric on £ P {E) when < p < 1, in place of (1.21). 
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Suppose that {fj}°Z 1 is a Cauchy sequence in £ P (E) for some p, < p < oo, 
with respect to the metric ||/ — g\\ p associated to the £ p norm when p > 1, and 
with respect to the metric (1.88) when < p < 1. In both cases, {fj(x)}°^ 1 is a 
Cauchy sequence in R or C for each x £ E, as appropriate, and hence converges 
to a real or complex number f(x). Using the Cauchy condition with respect to 
the £ p metric, one can show that / e £ P (E) too, and that {fj}j^i converges to 
/ with respect to the £ p metric. Thus £ P (E) is complete with respect to the £ p 
metric for each p > 0, and hence £ P (E) is a Banach space when p > 1. 

A real or complex-valued function / on E is said to vanish at infinity if 

(1.89) E(f,e) = {xGE:\f(x)\>e} 

is a finite set for each e > 0. Let Co(E) be the space of functions on E that 
vanish at infinity, which may also be denoted co(-E,R) or cq(E, C), to indicate 
whether real or complex-valued functions are being used. It is well known and 
not difficult to check that c n (E) is a closed linear subspace of £°°{E). If / is a 
p-summable function on E for some p, < p < oo, then it is easy to see that 
/ £ c (E), with 

(1-90) e p (#E(f,e)) p < \\f\\ p 

for each e > 0. Note that f(x) — for all but finitely or countably many 
elements of E when / is any function that vanishes at infinity on E, as in the 
previous section. 



1.10 Square-summability 

Let £ be a nonempty set again, and let us restrict our attention now to p = 2. 
If a, b are nonnegative real numbers, then 

(1.91) ab < max(a 2 ,& 2 ) < a 2 +6 2 , 

and in fact 2 a b < a 2 + 6 2 , since (a — 6) 2 > 0. If /, g are 2-summable functions 
on E, then we can apply either of these inequalities to a = /(x) and b — \g(x)\, 
to conclude that the product \f(x) \ \g(x)\ is summable on E. Put 

(1-92) (f,g) = J2f(x)9(x) 

in the real case, and 

(1-93) {f,9) = 52f{x)9(xj 

in the complex case. It is easy to see that these define inner products on £ 2 (E, R) 
and £ 2 {E, C), respectively, for which the corresponding norms are equal to the 
£ 2 norm discussed in the previous section. 

Now let V be a real or complex vector space with an inner product (v,w)v, 
and let ||u||y be the correspponding norm on V . Also let A be a nonempty set, 
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and suppose that for each a <E A we have a vector v a G V such that ||w Q ||y = 1 
and v a _L vp when a / |3. If u G U and ai, . . . ,a n are finitely many distinct 
elements of A, then 

n 

(1-94) ]T|<^>| 2 <IMI 2 y, 

as in (1.41). Thus 

(1.95) f v (a) = (v,v a ) v 

is a 2-summable function on A, with 

(1-96) J2 l/-(«)| 2 < IMIv- 

aeA 

Note that the mapping from v e V to f v e I 2 (A) is linear. 

Let / be any 2-summablc function on A, which is real or complex-valued 
depending on whether V is real or complex. If V is complete, then we would 
like to define 

(1.97) T(/)=^/(aK 

aeA 

as an element of V. This reduces to an ordinary finite sum when f(a) = 
for all but finitely many a G A, and otherwise /(a) = for all but countably 
many a G A, because / is 2-summable on A. In the latter case, the sum may 
be considered as an infinite series, as in Section 1.6, and one can also show that 
the sum does not depend on the way that the terms are listed, as for absolutely 
convergent series. Of course, if A has only finitely or countably many elements, 
then one can use the same listing of elements of A for every / G £ 2 (A). 

It is easy to see that the mapping from / G £ 2 (A) to T(f) G V is linear. As 
in (1.46), 

(i-98) l|r(/)lk = ||/||* ( A) 

for every / G I 2 (A), where ||/||^(a) = II /II 2 is the £ 2 norm of / on A. Similarly, 
(1-99) {T{f),T{g)) v = {f,g) P(A) 

for every /, g € £ 2 (A), where (f,g)p(A) is the I 2 inner product on A defined 
earlier. The mapping / (->• T(f) may be characterized as the unique linear 
mapping from £ 2 (A) into V that satisfies (1.98) and agrees with (1.97) when 
/(a) = for all but finitely many aeA, since the / G £ 2 (A) with /(a) = 
for all but finitely many aei are dense in £ 2 (A). Alternatively, one can start 
with T(f) as in (1.97) when f(a) = for all but finitely many aei, and show 
that this has a unique extension to a linear mapping from £ 2 (A) into V that 
satisfies (1.98) when V is complete. 

Let W be the set of vectors in V of the form T(f) for some / G £ 2 {A). 
Thus W is a linear subspace of V, W contains the linear span of the u Q 's in V, 
and W is contained in the closure of the linear span of the w Q 's in V. Using 
the completeness of £ 2 (A) and (1.98), one can show that W is complete with 
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respect to the restriction of the norm j| • |y to W, which implies that W is a 
closed set in V . Hence W is equal to the closure of the linear span of the v a 's 
in V. In particular, W — V when the linear span of the v Q 's is dense in V. 

If v £ V, then we can define /„ £ C 2 (A) as in (1.95), and then consider 
T(fv) S V as in (1.97). It is easy to see that T(f v ) is the same as the orthogonal 
projection of v onto W, as in Sections 1.5 and 1.6. In particular, v — T(f v ) for 
every v £ W, and for every v £ V when the linear span of the w Q 's is dense in 
V. Similarly, if / e I 2 {A), then 

(1-100) (T(f),vp) v = /(/?) 

for each (3 £ A, so that / = /„ with v = T(f). 

An orthonormal family of vectors {v a } a£ A in a Hilbert space V is said to 
be an orthonormal basis for V if the linear span of the w Q 's is dense in V. Thus 
the mapping T defines an isometric linear isomorphism from £ 2 (A) onto V in 
this case. If V is separable, then one can use the Gram-Schmidt process to get 
an orthonormal basis in V with only finitely or countably many elements. 

1.11 Bounded linear functionals 

Let V be a real or complex vector space with a norm Remember that 

a linear functional on V is a linear mapping from V into the real or complex 
numbers, as appropriate. A linear functional A on V is said to be bounded if 

(1.101) |A(«)|<C|H| 

for some nonnegative real number C and every v £ V. This implies that 

(1.102) \X(v) - X(w)\ = \X(v - w)\ < C \\v - w\\ 

for every v,w G V, so that A is uniformly continuous with respect to the metric 
on V associated to the norm || • ||. Conversely, if a linear functional A on V is 
continuous at 0, then there is a 8 > such that \X(v)\ < 1 for every v £ V with 
||u|| < 8, and one can check that (1.101) holds with C = 1/5. 

It is easy to see that the dual space V* of bounded linear functionals on V 
is also a real or complex vector space, as appropriate, with respect to pointwise 
addition and scalar multiplication. If A € V* , then put 

(1.103) ||A||* = sup{|A( W )| : v £ V, \\v\\ < 1}, 

which is the same as the smallest C > for which (1.101) holds. One can 
check that this defines a norm on V* , known as the dual norm associated to 
the norm || ■ || on V. It is well known that V* is automatically complete with 
respect to the dual norm. As usual, one can start by showing that a Cauchy 
sequence in V* converges pointwise to a linear functional on V, and then use 
the Cauchy condition with respect to the dual norm to show that the limit is a 
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bounded linear functional on V, and that the sequence converges to this limit 
with respect to the dual norm. 

Suppose that (v,w) is an inner product on V, and that \\v\\ is the norm on 
V corresponding to this inner product. If w € V, then 

(1.104) \ w (v) = {v,w) 

defines a linear functional on V, which is bounded by the Cauchy-Schwarz 
inequality. More precisely, the Cauchy-Schwarz inequality implies that the dual 
norm of A„, is less than or equal to \\w\\, and one can check that the dual norm 
of X w is equal to w, since 

(1.105) X w {w) = \\w\\ 2 . 

Conversely, if V is a Hilbert space, then one can show that every bounded linear 
functional A on V is of the form A„, for some w G W. One way to do this is 
to look at vectors in V that arc orthogonal to the kernel of A, using orthogonal 
projections. 

Now let E be a nonempty set, and suppose that 1 < p, q < oo are conjugate 
exponents, in the sense that 

1 1 

1.106 - + - = 1, 

P q 

where l/oo = 0, as usual. If / G £ P (E) and g G £ q (E), then Holder's inequality 
states that f{x)g{x) is a summable function on E, and that 



(1.107) I 



< 



This is very simple when p = 1 and q = oo or q = 1 and p = oo, and it follows 
from the Cauchy-Schwarz inequality when p = q = 2. This implies that 

(1.108) A 3 (/) = ]T.f(:r).9(x) 

xeE 

defines a bounded linear functional on £ P {E) when g G £ q (E), with dual norm 
less than or equal to \\g\\ g . One can check that the dual norm of A g on (?{E) is 
actually equal to \\g\\ q , by considering suitable choices of / G £ P (E). 

Conversely, if A is a bounded linear functional on £ P (E) and 1 < p < oo, 
then one can show that A = A g for some g G £ q (E). More precisely, for each 
y G E, let S y (x) be the function on E equal to 1 when x — y and to when 
x ^ y. Thus S y G £ P (E), and one can define g on E by 

(1.109) g(y) - X(S y ). 

Using the boundedness of A on £ P (E) 7 one can show that g G £ q (E), and that 
A 9 (/) = A(/) for every / G £ P (E). This also uses the fact that the functions 
/ on E such that f(x) = for all but finitely many x G E are dense in £ P (E), 
which works when p < oo and not when p = oo. 
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As an alternative for p = oo, one can consider bounded linear functionals on 
cq(E), with respect to the l°° norm on Co(E). If g e ^(E), then X g defines a 
bounded linear functional on £°°(E) as before, and hence its restriction to cq(E) 
is a bounded linear functional on cq(E). One can also check that the dual norm 
of the restriction of A g to cq{E) is equal to ||g||i. Conversely, one can show that 
every bounded linear functional on cq{E) is of this form, by the same type of 
argument as for £ P (E) when 1 < p < oo. This uses the fact that the functions 
/ on E with f(x) = for all but finitely many x G E are dense in Cq(E). 

Of course, £ 2 {E) is a Hilbcrt space, and the bounded linear functionals on 
£ 2 (E) can also be described as in that case. The two descriptions are equivalent, 
even if they are presented in slightly different ways in the complex case. 

If V is any real or complex vector space with a norm || • ||, v G V, and u^O, 
then the theorem of Hahn and Banach implies that there is a bounded linear 
functional A on V such that X(v) = \\v\\ and ||A||* = 1. In many situations, this 
can be verified more directly, or at least approximately so. 

1.12 Bounded linear mappings 

Let V and W be vector spaces, both real or both complex, and equipped with 
norms \\v\\v an d ||H|wj respectively. A linear mapping T from V into W is said 
to be bounded if 

(1.110) \\T(v)\\ w <C\\v\\ v 

for some nonnegative real number C and every v G V. Thus a bounded linear 
functional on V is the same as a bounded linear mapping from V into the real or 
complex numbers, as appropriate. As for bounded linear functionals, it is easy 
to see that a bounded linear mapping from V into W is uniformly continuous 
with respect to the corresponding metrics, and conversely that a linear mapping 
from V into W is bounded if it is continuous at 0. The space of bounded linear 
mappings from V into W is denoted BC(V,W), and is a vector space with 
respect to pointwisc addition and scalar multiplication. 

If T is a bounded linear mapping from V into W, then put 

(1.111) ||T|| op = sup{||7»|| w : v G V, \\v\\ v < 1}, 

which is the same as the smallest C > for which (1.110) holds. It is easy to see 
that this defines a norm on BC{V,W), known as the operator norm associated 
to the given norms on V and W. As before, one can show that BC(V, W) is 
complete with respect to the operator norm when W is complete. Suppose now 
that Vi, V2, and V3 are vector spaces, all real or all complex, and equipped with 
norms || • ||i, || • || 2 , and || • || 3 , respectively. If T Y : V\ ->• V 2 and T 2 : V 2 -> V 3 are 
bounded linear mappings, then one can check that their composition T 2 o T\ is 
a bounded linear mapping from V\ into V3, and that 

(1.112) \\T 2 o Txll op, 13 < ||7 1 l||op,12 1 1 1 1 ojp,23 7 

where the subscripts indicate the norms and spaces being used. 
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Let us restrict our attention for the rest of this section to the case where V 
is a real or complex Hilbert space, with inner product (v, w) and corresponding 
norm \\v\\. If T is a bounded linear mapping from V into itself, then the operator 
norm of T can also be given by 

(1.113) \\T\\ op = sup{\(T(v),w)\:v,weV, \\v\\, \\w\\ < 1}. 

Indeed, this expression for the operator norm is clearly less than or equal to the 
one in (1.111), because of the Cauchy-Schwarz inequality. To get the opposite 
inequality, one can choose w in (1.113) so that (T(v),w) = ||T(u)||. 

The adjoint T* of a bounded linear mapping T from V into itself is defined 
as follows. It is easy to see that 

(1.114) ii w (y) = (T(v),w) 

is a bounded linear functional on V for each w G V, since T is bounded on V . 
As in the previous section, there is an element T* (w) of V such that 

(1.115) (T(v),w) = (v,T*(w)) 

for every v G V. One can also check that T*(w) is uniquely determined by w, 
and that T* is linear as a mapping from V into itself. Moreover, 

(1.116) ||T»|| < HTII^HI 

for every w G V, because ||T*(u>)|| is equal to the dual norm of fi w , which is less 
than or equal to ||T|| op ||w||. This implies that T* is a bounded linear mapping 
on V, with operator norm less than or equal to the operator norm of T. In fact, 

(1-117) ||Tl„p = ||T|| op , 

by (1.113) and (1.115). 

Observe that (Ti +T 2 )* = Tj* + ^2 f° r an Y two bounded linear operators T x 
and T 2 on V. Similarly, if T is a bounded linear operator on V, then (aT)* = 
aT* for every a G R in the real case, and (aT)* =aT* for every a G C in the 
complex case. If Ti and T 2 are bounded linear operators on V again, then their 
composition T 2 o T\ is also a bounded linear operator on V, and 

(1.118) (T 2 0T1)* =Tf oT 2 *. 

The adjoint of the identity operator I on V is equal to itself. If T is any bounded 
linear operator on V, then one can check that 

(1.119) (T*)*=T. 

A bounded linear operator T on V is said to be invertible if T is a one-to-one 
mapping of V onto itself for which the inverse mapping T _1 is also bounded on 
V. In this case, T* is invertible on V too, and 



(1.120) 



(T*)- 1 = (T- 1 )*, 
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since one can apply (1.118) to T _1 o T = T o T _1 = J. 

A bounded linear operator T on V is said to be self-adjoint if T* = T, which 
is equivalent to asking that 

(1.121) (T(v),w) = (v,T(w)) 

for every v, w E V. The sum of two bounded self-adjoint linear operators on 

V is also self-adjoint, as is a real number times a bounded self-adjoint linear 
operator on V. Thus the bounded self-adjoint linear operators on V form a 
vector space over the real numbers in a natural way, and it is important to use 
the real numbers for this even when V is a complex Hilbert space. As a related 
point, if V is a complex Hilbert space and T is a bounded self-adjoint linear 
operator on V, then 

(1.122) (T(v),v)GR 

for each v S V. Indeed, (1.121) and the definition of an inner product imply 
that 

(1.123) (T(v), v) = (v, T(v)) = (T(v),v) 
for every v S V. 

A bounded self-adjoint linear operator T on a real or complex Hilbert space 

V is said to be nonnegative if 

(1.124) (T(v),v)>0 

for every v 6 V. Note that the sum of two nonnegative bounded self-adjoint 
linear operators on V is nonnegative, as is a nonnegative real number times a 
nonnegative bounded self-adjoint linear operator on V. If T is any bounded 
linear operator on V, then T* o T is self-adjoint, because 

(1.125) (T* oT)* = T* o (T*)* = T* oT. 
Moreover, T* o T is nonnegative, since 

(1.126) ((T* o T)(v), v) = (v,T*(T(v))) = (T(v),T(v)) = \\T(v)\\ 2 > 
for every v € V. 

Let W be a closed linear subspace of V, and let P\y be the orthogonal 
projection of V onto W. Remember that P\y is characterized by the conditions 
that P\y(v) S IK and v — Pw{v) <E l^ 7 ^ for every v e V, and that P^y is a 
bounded linear operator on V with operator norm equal to 1, except in the 
trivial case where W = {0} and Pw — 0. Using this, one can check that 

(1.127) (Pw(v),w) - (P w (v),P w (w)) = (v,P w (w)) 

for every v, w € V, so that Pw is self-adjoint on V. In particular, 



(1.128) 



(Pw(v),v) = (P w (v),P w (v)) = \\Pw(v)\\ 2 > 
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for each v G V, so that Pw is nonnegative. Note that Pw ° Pw = -FW) an d 
hence Pw — P w ° Pw, because Pw is self-adjoint. 
If T is any bounded linear operator on V, then 

(1-129) \\T*oT\\ op <\\T*\\ op \\T\\ op =\\T\\l p . 

Using (1.126) and the Cauchy-Schwarz inequality, we also have that 

(1.130) ||7»|| 2 < \\(T* o T)(v)\\ \\v\\ < \\T* o T|| op |M| 2 

for every v eV. This implies that \\T\\l p < \\T* o T\\ op , and hence 

(i-i3i) \\t*oT\\ op = \\t\\I p , 

which is known as the C* -identity. 

A linear mapping T of V onto itself is said to be unitary if 

(1.132) (T(y),T(w)) = (v,w) 

for every v, w G V. In the real case, one might say instead that T is an orthogonal 
transformation. If we take v = w in (1.132), then we get that 

(1.133) \\T{v)\\ = IMI 

for every v G V. Conversely, it is well known that (1.133) implies (1.132), 
because of polarization identities. Note that (1.133) implies that T is a bounded 
linear operator on V with trivial kernel, and that the inverse operator T _1 is 
also bounded when T maps V onto itself. It is easy to see that (1.132) holds if 
and only if T* o T = I. If T maps V onto itself, then this is the same as saying 
that T is invertiblc, with T^ 1 = T*. 

Suppose now that V is a complex Hilbert space, and let T be a bounded 
linear operator on V. Observe that 

(1.134) A = — and B = 

are bounded self-adjoint linear operators on V, and that T = A + iB. If T and 
T* commute with each other, which is to say that ToT* =T*oT, then T is said 
to be normal. Equivalently, T is normal if and only if A and B commute. Thus 
self-adjoint linear operators are automatically normal, and unitary operators 
are normal as well, since an invertible operator automatically commutes with 
its inverse. 



1.13 Double sums 

Let Ei and E 2 be nonempty sets, and consider their Cartesian product E = 
Ex x E2, which is the set of all ordered pairs (x, y) with x G E\ and y G E 2 . If 
f(x, y) is a nonnegative real-valued function on E, then we can define the sums 



(1.135) 



h(x)= £ f(x,y) 

yeE 2 
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for every x G E\ and 

(1-136) f 2 (y)= H X >V) 

for every y & E 2 as the suprema of the corresponding finite subsums, as in 
Section 1.8. We can then define the iterated sums 

(1.137) Yl AO*) and E My) 

also as in Section 1.8, with the obvious convention that these sums are infinite 
when any of their terms arc infinite. Under these conditions, one can show that 
the two sums in (1.137) are equal to each other and to the double sum 

(1.138) Yl /( x ^)< 

also defined as in Section 1.8. In particular, f(x,y) is summable on E if and 
only if the sums in (1.137) are finite. 

Now let f(x,y) be a real or complex- valued summable function on E, so 
that \f(x,y)\ is a nonnegative real-valued summable function on E. In this 
case, f(x, y) is summable as a function of y € E 2 for each x S Ei, and similarly 
f(x,y) is summable as a function of x € E\ for each y e E 2 . Thus fi(x) and 
f 2 (y) may be defined as in (1.135) and (1.136), and we have that 

(1-139) |/i(x)|< \f(*>V)\ 

yeE 2 

for each x € E\, and 

(1-140) \h(y)\< J2 1/(^)1 

for each y e E 2 . Because f(x,y) is summable on E, it follows that 

(i-i4i) E < E (E \f( x >v)\) 

x£Et xeEi y£E 2 

and 

(i-i42) J2 i/*(i/)i< E (E \f( x >v)\) 

y£E 2 yeE 2 xeE t 

are finite, so that fi(x) and f 2 (y) are summable on E\ and E 2l respectively. 
This implies that the iterated sums (1.137) are defined in this situation, and one 
can check that they are equal to each other and to the double sum (1.138). One 
way to do this is to express f(x, y) as a linear combination of nonnegative real- 
valued summable functions on E, to reduce to the previous case. Alternatively, 
one can approximate f(x, y) by functions with finite support on E. 
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1.14 Continuous functions 

Let X be a topological space, and let C(A) be the space of continuous real or 
complex- valued functions on X. As usual, this may also be denoted C(X, R) or 
C(X, C) to indicate whether real or complex-valued functions are being used, 
and similarly for other spaces of functions on X. Note that C{X) is a vector 
space with respect to pointwise addition and scalar multiplication. 

Let Cb(X) be the linear subspace of X consisting of bounded continuous 
functions on X. Of course, every continuous function on X is bounded when X 
is compact. If / e Cb(X), then the supremum norm of / is defined by 



It is easy to see that this defines a norm on Cb(X), and it is well known that 
Cb(X) is complete with respect to this norm. This uses the fact that if {fj}j^\ is 
a sequence of continuous functions on X that converges uniformly to a function 
/ on A, then / is continuous on X too. 

As usual, the support supp / of a function / on X is the closure of the set of 
x £ X such that f(x) ^ 0. Let C com (X) be the space of continuous functions 
on X with compact support, which is a linear subspace of C(A). Urysohn's 
lemma implies that there are plenty of continuous functions on X with compact 
support when X is a locally compact Hausdorff space. 

Suppose from now on in this section that X is a locally compact Hausdorff 
space. A continuous function / on X is said to vanish at infinity if for each 
e > there is a compact set K C X such that 



for every x E X\K. In particular, this implies that / is bounded on X, and 
one can check that the space Cq(X) of continuous functions on X that vanish 
at infinity is a closed linear subspace of Cb(X) with respect to the supremum 
norm. Of course, C com (X) C Co (A), and one can also check that Co (A) is 
the closure of C com (A) in C\(X). More precisely, if / G Co(A), then one can 
approximate / uniformly on A by continuous functions on A with compact 
support, by multiplying / by suitable cut-off functions obtained from Urysohn's 
lemma. 

A linear functional A on C com (X) is said to be nonnegative if A(/) is a 
nonnegative real number for every nonnegative real-valued continuous function 
/ with compact support on A. In this case, the Riesz representation theorem 
implies that there is a unique nonnegative Borel measure /i rail with certain 
regularity properties such that 



(1.143) 



\\f\\sup = SUP |/(x)|. 



(1.144) 



\f(x)\ <e 



(1.145) 




for every / £ C com (A). In particular, fi(K) < oo for every compact set K C A 
under these conditions. 
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Now let A be a bounded linear functional on Co (A) with respect to the 
supremum norm. Another version of the Riesz representation theorem implies 
that there is a unique real or complex Borel measure \x on A, as appropriate, 
with certain regularity properties such that (1.145) holds for every / G Cq(X). 
Remember that there is a nonnegative measure associated to any real or 
complex measure /x, known as the total variation measure. The regularity of /i 
means that \fi\ is regular as a nonnegative Borel measure on X, and part of the 
theorem is that the dual norm of A on Co(A) is equal to |/z|(A). 

A set A C X is said to be a-compact if there is a sequence Ki,K 2 , K 3} . . . 
of compact subsets of X such that A = (J^jif;. If every open set in X is 
cr-compact, and if \i is a nonnegative Borel measure on X such that fJ,(K) < oo 
for every compact set K C A, then it is well known that satisfies the same 
regularity conditions as in the Riesz representation theorem. Sec Theorem 2.18 
on p50 of [103], for instance. In particular, this condition holds when there is a 
countable base for the topology of A. To see this, note that a locally compact 
Hausdorff space A is regular as a topological space, which is to say that A 
satisfies the third separation condition. Together with local compactness, this 
implies that for every open set U in A and every point p 6 U there is an open set 
V(p) in A such that p £V(j>) and the closure V(p) of V(p) in A is a compact 
set contained in U. If there is a countable base for the topology of A, then 
it follows that U can be expressed as the union of only finitely or countably 
many V(p)'s, and hence as the union of only finitely or countably many of their 
closures. 

1.15 Double integrals 

Let A and Y be locally compact Hausdorff topological spaces, and let /j, and v 
be Borel measures on A and Y, respectively. More precisely, fj, and v may be 
real or complex measures, or nonnegative measures which are finite on compact 
sets. In order to apply the usual construction of product measures on A x Y, 
one normally asks n and v to be cr-finite. 

However, there is a technical problem with the usual product construction 
of measurable subsets of A x Y, which is that one would like open subsets of 
A x Y to be measurable, and which would imply that Borel subsets of A x Y 
are measurable. Of course, products of open subsets of A and Y are measurable 
in A x Y, and hence countable unions of products of open subsets of A and Y 
are measurable in A x Y. If there are countable bases for the topologies of A 
and Y, then one can get a countable base for the topology of A x Y by taking 
products of the basic open sets in A and Y, and it follows that every open set in 
A x Y is a countable union of products of open subsets of A and Y. If an open 
set W in A x Y is cr-compact, then one can also check that W can be expressed 
as the union of countably many products of open subsets of A and Y. One can 
also consider subclasses of the Borel sets, for which continuous functions with 
compact support or which vanish at infinity are still measurable. 

Alternatively, one can approach integration on A x Y in terms of linear 
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Junctionals on spaces of continuous functions on X x Y, as in the previous 
section. More precisely, given nonnegative linear functionals Ax and Ay on 
C CO m{X) and C com (Y), respectively, one would like to define a nonnegative 
linear functional XxxY on C com (X x Y). Similarly, if Ax and Ay arc bounded 
linear functionals on Cq(Y) and Co(Y), respectively, then one would like to 
define a bounded linear functional XxxY on Co (A x Y). In both cases, one 
would like XxxY to satisfy 

(1-146) XxxY(fg) = Xx(f)X Y (g) 

when f(x) and g{y) are continuous functions of the appropriate type on X and 
Y, so that f(x)g(y) is continuous on X x Y. One can show that XxxY is 
uniquely determined by this condition, by approximating continuous functions 
on X x Y by finite sums of products of continuous functions on X and Y. If 
h(x, y) is a continuous function on X xY with compact support or that vanishes 
at infinity, then one can define XxxY{h) by first applying Xx to h(x,y) as a 
function of x G X for each y G Y, and then apply Ay to the resulting function 
of y. It is not too difficult to check that this has the desired properties. One 
could also apply Ax and Ay in the opposite order, and this would lead to the 
same value of \xxy(h), by the uniqueness argument mentioned earlier. As in 
the previous section, one could then use the appropriate version of the Riesz 
representation theorem to get a Borel measure on XxY corresponding to Ax x y ■ 

Now let / be an infnitc set, and suppose that Xj is a compact Hausdorff 
topological space for each j G /. Also let X = Yljei b° the Cartesian 
product of the Aj's, which is a compact Hausdorff space with respect to the 
product topology, by Tychonoff 's theorem. If Hj is a probability measure on Xj 
for each j G /, then there is a well known construction of a product probability 
measure /i on X . Alternatively, one can approach this in terms of nonnegative 
linear functionals on C(Xj), as follows. Suppose that Xj is a nonnegative linear 
functional on C(Xj) such that 

(1.147) A J (lx J ) = l 

for each j G /, where lx, is the constant function equal to 1 on Xj. Thus Xj 
corresponds to a regular Borel probability measure on Xj for each j G /, by 
the Riesz representation theorem, and one would like to define a corresponding 
product nonnegative linear functional A on C{X). If / is a continuous function 
on X that depends on only finitely many variables Xj G Xj, then A(/) can be 
defined by applying Xj to / as a function of Xj for those finitely many j G I, 
as before. Otherwise, one can use compactness to show that every continuous 
function / on X can be approximated uniformly by continuous functions that 
depend on only finitely many variables, and then use this to extend A to a 
nonnegative linear functional on C(X). 
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1.16 Ultrametrics 

Let (M,d(x,y)) be a metric space. The metric d(x,y) on M is said to be an 
ultrametric if 

(1.148) d(x, z) < max(d(x, y), d(y, z)) 

for every x,y,z £ M. Of course, this is stronger than the ordinary triangle 
inequality (1.18) in Section 1.3. As a basic example, the discrete metric on any 
set M is defined by putting d(x, y) equal to 1 when x ^ y and equal to when 
x = y, and is an ultrametric. 

Let (Mi, d\(x\, y\)) and (M 2 , ££2(2:2, 2/2)) be metric spaces, and consider their 
Cartesian product. As usual, it is easy to see that 

(1.149) D((x 1 ,x 2 ),(y 1 ,y 2 )) = di(zi, yi) + d 2 (x 2 , y 2 ) 
and 

(1.150) D'((x 1} x 2 ), (2/1,2/2)) = max(di(xi,2/i),d 2 (2;2,J/2)) 

define metrics on Mi x M2, for which the corresponding topologies are the same 
as the product topology associated to the topologies on Mi and M 2 by the 
metrics d\(xi,yi) and d 2 (x 2 ,y 2 ), respectively. If d\ (0:1,2/1) and d 2 (x 2 ,y 2 ) are 
ultrametrics on Mi and M 2 , then (1.150) is also an ultrametric on Mi x M2. 
Note that a ball in Mi x M 2 with respect to (1.150) is the same as the Cartesian 
product of balls in Mi and M 2 with the same radius. 

Now let (Mj,dj(xj,yj)), j = 1, 2, 3, . . ., be a sequence of metric spaces, and 
let M = rijli Mj be their Cartesian product. Thus M consists of sequences 
x = {xj}j^ 1 , where Xj £ Mj for each j. Also let t = {tj}^ 1 be a sequence of 
positive real numbers that converges to 0, and put 

(1.151) dj{xj,yj) = m.m(dj(xj,yj),tj) 

for each j. It is easy to see that dj(xj,yj) is also a metric on Mj for each j, 
which determines the same topology on Mj as dj(xj,yj). Put 

(1.152) d(x,y) = maxd'Axj,yj) 

j>i J 

for each x, y £ M, which is obviously equal to when x = y. If x 7^ y, then 
Xj ^ yj for some j > 1, so that d'j (xj ,yj ) > 0. This implies that 

(1.153) d'jixj^j) < tj < d' jo (x jo ,y jo ) 

for all but finitely many j, since tj — » as j — > 00, so that the maximum in 
(1.152) always exists. 

One can check that (1.152) is a metric on M, for which the corresponding 
topology is the same as the product topology associated to the topologies on the 
Mj's determined by the metrics dj(xj,yj). More precisely, an open ball in M 
of radius r > with respect to (1.152) can be expressed as a product YlJLi Bj, 
where Bj is an open ball in Mj with radius r when r <tj, and Bj — Mj when 
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r > tj. In particular, Bj = Mj for all but finitely many j, since tj — > as 
j — > oo, which implies that open balls in M with respect to (1.152) are open 
sets with respect to the product topology. By taking r sufficiently small, one 
gets that r < tj for any finite set of j > 1 , so that open balls in M with respect 
to (1.152) generate the product topology on M. If dj(xj,yj) is an ultrametric 
on Mj for each j, then d'j (xj,yj) is an ultrametric on Mj as well, and (1.152) is 
an ultrametric on M too. 

Let (M,d(x,y)) be an arbitrary metric space again. The open ball in M 
with center x G M and radius r > is defined as usual by 

(1.154) B(x, r) = {yeM: d(x, y) < r}, 

and similarly the closed ball with center x G M and radius r > is given by 

(1.155) B(x, r) = {y£M: d{x, y) < r}. 
Let us also put 

(1.156) V{x, r) = {y G M : d{x, y) > r} 

for each x £ M and r > 0, which is the same as the complement of B(x, r). It 
is well known that B(x,r) and V(x, r) are open sets in M, and that B(x,r) is 
a closed set. More precisely, if z € B(z,r), then one can check that 

(1.157) B(z,t) C B(x,r) 

with t = r — d(x, z) > 0, using the triangle inequality. Similarly, if z G V(x, r), 
then we have that 

(1.158) B(z,t) C V(x,r) 

with t — d(x, z) — r > 0. One can check directly that B(x, r) is a closed set, in 
the sense that it contains all of its limit points, or derive this from the fact that 
V(x, r) is an open set. 

Suppose now that d(x, y) is an ultrametric on M. In this case, it is easy to 
see that (1.157) holds for every z G B(x,r) with t = r. Similarly, 

(1.159) B(z,r) C B(x,r) 
for every z G B(x,r). Observe that 

(1.160) d(x,z) <d(x,y) 

for every y G M with d(y, z) < d(x, z), since d(x, y) < d(x, z) would imply that 
d(x, z) < d(x, z). This shows that (1.158) holds with t — d(x, z). 
Put 

(1.161) W(x, r) = {ye M : d(x, y) > r} 

for each x G M and r > 0, which is the same as the complement of B(x,r) in 
M. Using (1.160) again, we get that 

(1.162) B(z,d(x,z)) C W(x,r) 
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for every z € W(x,r). In particular, W(x,r) is an open set in an ultrametric 
space, so that B(x,r) is both open and closed. It follows from (1.159) that 
B(x,r) is an open set in an ultrametric space, and hence is both open and 
closed as well. Thus ultrametric spaces are totally disconnected, in the sense 
that they do not contain any connected subsets with more than one element. 



Chapter 2 

Fourier series 



2.1 Basic notions 

Let T be the unit circle in the complex plane, which is the set of z e C with 
\z\ = 1. Also let / be a complex- valued integrable function on T with respect 
to arc- length measure \dz\ on T, which corresponds to Lebesgue measure on an 
interval in the real line when T is parameterized by arc length. The nth Fourier 
coefficient of / is defined by 

(2.i) f^ = h Jjw^w 

for each integer n. The corresponding Fourier series is given by 

oo 

(2-2) /(")*"> 

71 — — OO 

where for the moment this is a formal series in z G T. Note that 

(2.3) /j /( * )ll<fe| 

for each n € Z, where Z denotes the integers. 
It is well known that 

(2.4) f z n \dz\ = 

JT 

for each n G Z with n ^ 0. One way to see this is to use the fact that exp(it) 
parameterizes T by arc length for < t < 2ir. Of course, | exp(it)\ = 1 for each 
t G R, as in (1.16), and the derivative of exp(ii) is equal to i times exp(ii), 
as one can see by differentiating the power series for the exponential function 
term by term. Thus the modulus of the derivative of exp(i t) is also equal to 1 
for every t G R, so that exp(i t) goes around the unit circle at unit speed. This 
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permits (2.4) to be reduecd to 



r-2ix 

(2.5) / cxp(i n t) dt = 

Jo 

when n^O, which can be derived from the fundamental theorem of calculus. 
If / and g are complex- valued square-integrable functions on T, then put 

(2.6) {f,g) = ±-jj{z)g-{z)\dz\. 

This defines an inner product on L 2 (T), with the corresponding norm 

(2.7) (i/ T i^)i 2 ^y 



1/2 



It is well known that L 2 (T) is complete with respect to this norm, and is thus 
a Hilbert space. Put 

(2.8) e n (z) = z n 

for each n G Z and z G T, and observe that the e„'s form an orthonormal 
collection of functions in L 2 (T) with respect to the inner product (2.6), because 
of (2.4). The nth Fourier coefficient of / G L 2 (T) can be expressed as 

(2.9) f(n) = (f,e n ) 
for each n G Z, and we have that 

(2.10) £ l/(n)|2 ^ / l/(*)l 2 H. 

as in (1.41), (1.49), and (1.96) in Sections 1.5, 1.6, and 1.10, respectively. 

In particular, the Fourier series (2.2) converges in L 2 (T) when / e L 2 (T), 
as in Sections 1.6 and 1.10. Using the Stone- Weierstrass theorem, one can 
show that the linear span of the e„'s is dense in the space C(T) of continuous 
complex-valued functions on T with respect to the suprcmum norm, and hence 
is also dense in L 2 (T). This implies that the Fourier series of / converges to 
/ in L 2 (T), and we shall see another proof of this later on. Note that the 
convergence of the sum in (2.10) implies that 

(2.H) lim |/(n)|=0 

|n|— s-oc 



for every / G L 2 (T). This also holds when / G i x (T), as one can show using 
the fact that L 2 (T) is dense in i 1 (T), and the simple estimate (2.3). 
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2.2 Abel sums 

Let us say that an infinite series X^Lo a « °f complex numbers is admissible 
if l a nl r " converges for every r G R with < r < 1. Of course, the 

convergence of a « r ™ implies that {a„ r"}^L converges to 0, and hence is 

bounded. Conversely, if {a n t n }^ =0 is bounded for some teR with < t < 1, 
then X^^Lo l a «l r ™ converges for every r G R with < r < t, by comparison 
with the convergent geometric series ^2^L. {r/t) n . Thus X^Lo ^ s admissible if 
and only if {a n t n }^ =0 is bounded for every teR with < t < 1. In particular, 
X^Lo a " ^ s admissible when {a„}^L is bounded. 
Suppose that X^Lo °™ ^ s admissible, and put 

oo 

(2.12) A(r) = ^a„r" 

for each rcR with < r < 1. If the limit 

(2.13) lim A(r) 

r— >1 — 

exists, then X^Lo °™ ^ s sa ^°- *° ^ e summable. If X^Lol a ™l converges, 

then X^Lo a " ^ s obviously admissible, and one can check that X^°=o °™ ^ s Abel 
summable, with Abel sum (2.13) equal to the usual sum X^Lo a «- One wa y ^° 
do this is to use the analogue of Lebesgue's dominated convergence theorem for 
sums. Alternatively, if Y^=o l a «l converges, then the partial sums J2n=o °™ r ™ 
converge uniformly on [0, 1] as N — > oo to X^Lo a ™ r ™> by Weierstrass' M-test. 
This implies that X^Lo a ™ r ™ d ennes a continuous function of r on [0, 1] in this 
case, so that (2.13) exists and is equal to Y^=o a n- If a n is a nonnegative real 
number for each n, then it is easy to see that the Abel sums A(r) are uniformly 
bounded for < r < 1 if and only if X^Lo a ™ converges. 

If X^Lo a ™ * s a convergent series of complex numbers, then lim„_>oo a n = 0, 
and hence X^Lo °™ i s admissible. It is well known that X^Lo a ™ * s a ^ so Abel 
summable in this case, with (2.13) equal to X^Lo To see * ms ' 

n 

(2.14) *n = $>j 

be the partial sums of Xjlo °i' ano - P ut s -i = for convenience. Thus a n = 
s n — Sn-i for each n > 0, so that 

oo oo oo oo 

(2.15) A(r) = J2s n r n -J2 s n-ir n = ]T s„ r" - ]T «„ 

oo 

(l-r)5> n r n 



n— n— n— n— 

oo 



n=0 



for every r G [0, 1). This uses the fact that s_i = in the second step, and the 
boundedness of the partial sums s n to get the convergence of these series when 
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< r < 1. Put s — limn^oc s n = Yl'jLo a h an ^ observe that 

oo 

(2.16) A(r)-s = (l-r)J2( s n-s)r n 

for each r g [0, 1), since (1 — r) X)^Lo r ™ = 1- ^nc can show that (2.16) tends 
to as r — > 1 — , because {s„}^L converges to s, and (l-r)s„r n ->0asr->l 
for each n. If = z J for some z s C with |z| = 1 and z ^ 1, then X jlo a i 
does not converge, but A(r) = (1 — rz) _1 for each r e [0,1), which tends to 
(1 — z) _1 as r -> 1 — . 

Suppose now that X^-oo a « * s a doubly-infinite series of complex numbers. 
The preceding discussion can be applied to each of the ordinary infinite series 

oo oo 

(2.17) ^2 a ™ and ^2 a " n ' 

n— n— 1 

or to the series 

oo 

(2.18) a + —n ) • 

If both of the series in (2.17) are admissible, then (2.18) is also admissible, and 
the Abel sums for (2.18) are the same as the sum of the Abel sums for the series 
in (2.17), which can be expressed as 

oo 

(2.19) A(r)= «« rH - 

n— — oo 

Note that the Fourier series (2.2) of an integrable function / on T satisfies these 
conditions for each z G T, since the Fourier coefficients are bounded, as in (2.3). 



2.3 The Poisson kernel 

Let / be an integrable complex- valued function on the unit circle T, and consider 
the Abel sums (2.19) corresponding to the Fourier series (2.2) of / for each 
z E T. This is the same as 

oo oo oo 

(2.20) f(n)r H z n = ^ f(n) r n z n + ^ f(-n) r n z~ n 

n— — oc n—0 n—1 

oo oo 

= Y2f(n)r n z n + Y2f(-n)r n t n 

n—0 n—1 

for each r G [0,1) and z G T. Alternatively, if we put ( — r z, then |£| < 1, and 

(2.20) is equal to 

oo oo 

(2.21) + £/(-«)£"■ 

n—0 n—1 
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Note that the first sum in (2.21) defines a holomorphic function on the open 
unit disk 

(2.22) C/ = {CeC:|C|<l}, 

the second sum in (2.21) is the complex-conjugate of a holomorphic function on 
U, and so the sum of these two function is harmonic on U. 

The Poisson kernel P(C, w) is defined for ( G U and w G T by 

oo oo 

(2.23) p(c,w) = Y,c^ n + T,^ wn - 

n—0 n—1 

Observe that the partial sums of these series converge uniformly over \(\ < p and 
w G T for each p < 1, by Weierstrass' M-test, and in particular that P((,w) is 
continuous on U x T. By construction, (2.21) is equal to 

(2.24) ±Jp(C,w)f(w)\dw\ 

for every £ G U, using considerations of uniform convergence to interchange the 
order of summation and integration. It is easy to see that 

(2.25) LJ^ P ^ w) \ dw \ = i 

for every £ G U, using (2.4), or by applying the previous remarks to the constant 
function / equal to 1 on T. 

In order to compute the Poisson kernel, let us re-express it as 



(2.26) P((,w) = ^2( n w n + (^C™^ 1 ) - 1 = 2 Rc^(Cw)™ - 1. 

n—0 n—0 n—0 

Of course, we can sum the geometric series, to get that 
(2 27) ^T(Cw) n - 1 - - (W™) - 

( } ^ (C j -i-c^"(i-c^)(i-c^)"|i-c^i 2 

for each £ G U and w G T. This implies that 

(2 , 8) ^.^ J-'y-l'-^ -Hjf 

|i - c^l |i — C w l 

for every £ G J7 and u> G T, since 

(2.29) |1 - C w\ 2 = (1 - C«>)(1 - <>) = 1-2 Re(C io) + |C| 2 

when \w\ = 1. In particular, P(£, w) > for every £ G [/ and w G T. 
Because |w| = 1, the Poisson kernel can also be given by 

1 - l£l 2 

(2.30) P ^=K^ 
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for every £ G U and w G T. Thus, for each r] > 0, we have that 

(2.31) P(C,™)<rT 2 (l-|C| 2 ) 

for every £ G [/ and «; G T such that |£ — w\ > r\. This implies that 

(2.32) P((,w)^0 

uniformly as |(| — >• 1 on the set where \( — w\ > r), for each 77 > 0. 

2.4 Continuous functions 

Let / be a continuous complex-valued function on the unit circle, and define a 
complex- valued function u on the closed unit disk 

(2.33) I7={CGC:|C|<1} 

by putting u(() = /(£) when |£| = 1 and u(Q equal to (2.21) when |C| < 1, 
which is the same as (2.24). Thus the restrictions of u to the open unit disk 
U and to the unit circle T are continuous, and one can show that u is actually 
continuous on the closed unit disk U . This means that for each z E T, 

(2.34) lim u(0 = f(z), 

where the limit as C z is taken only over ( e [/. This can be derived from 
the properties of the Poisson kernel discussed in the previous section, which 
imply that u(() is basically an average of / on T that is concentrated near z as 
£ G U approaches z. Note that u is uniformly continuous on U, since continuous 
functions on compact metric spaces are always uniformly continuous, and indeed 
one can also get uniformity of the limit in (2.34) from the uniform continuity of 
/ on T by the same argument. 
Alternatively, put 

(2.35) f r (z)=u(rz) 

for each z G T and r G [0, 1), which is the same as (2.20). This can also be 
expressed as 

(2.36) f r (z) = ±-Jp r (z,w)f{w)\dw\, 
where 

00 00 

(2.37) P r (z,w)=P(rz,w) = r ™ z ™ ™" + £ r " w " 

n— n— 1 

1 -r 2 



|1 — r zw\ 

is another version of the Poisson kernel. Under these conditions, 
(2.38) lim f r (z) = f(z) 

r— >1 — 
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uniformly over z G T. This follows from the uniform continuity of u on the 
closed unit disk, and it can also be derived from the uniform continuity of / on 
T, using the same type of argument as for (2.34). 

Note that the partial sums of the series in (2.20) converge uniformly over 
z G T for each r G [0,1). This follows from Weierstrass' M-test and the 
boundedness of the Fourier coefficients of /, as in (2.3). In particular, f r can 
be approximated uniformly on T by finite linear combinations of the functions 
z n with n G Z for each r G [0, 1). This implies that every continuous function / 
on T can be approximated uniformly on T by finite linear combinations of the 
z n, s, because of the uniform convergence in (2.38). 

As in Section 2.1, the linear span of the z n, s is also dense in L 2 (T), because 
continuous functions are dense in L 2 (T). Thus the z n, s with n G Z form an 
orthonormal basis for L 2 (T). This implies that the Fourier series of / G L 2 (T) 
converges in L 2 (T), and hence that 

(2-39) V |/(n)| 2 = - / \f(z)\ 2 \dz\. 



2.5 Integrable functions 

Let / be a complex- valued integrable function on the unit circle, and for each 
r G [0, 1), let f r be the function on the unit circle which is given by (2.20), or 
equivalently (2.36). Thus 

(2.40) \f r {z)\ <^J t Pr(z, W) |/H| \dw\ 

for every z G T and r G [0, 1), since P r (z, w) > 0, as before. It follows that 

(2.41) -L J T \f r (z)\\dz\ < j±^^^P r ( z , w ) |/H| \ dw \ \dz\ 



1 



p r (z,w)\dz\) |/H||<H, 



(2^) 2 

using Fubini's theorem in the second step. Observe that 

(2.42) Pr(z,w) = P r (w,z) 

for every z, w G T and r G [0, 1), so that 

(2.43) ±-J^P r {z,w) \dz\ = l 

for every w G T and r G [0, 1), by (2.25). Plugging this into (2.41), we get that 
(2-44) i- j T \f r (z)\\dz\<±J T \f(w)\\dw\ 
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for every r G [0, 1). 

Using (2.44), one can show that 

(2.45) lim f r = f 

r—hl — 

for every / G L X (T), where the convergence takes place with respect to the L 1 
norm. More precisely, if / is a continuous function on T, then we already know 
that (2.45) holds uniformly on T, and hence with respect to the L 1 norm. If / 
is an integrable function on T, then one can show that (2.45) holds with respect 
to the L 1 norm, by approximating / by continuous functions on T with respect 
to the L 1 norm, and using (2.44) to estimate the errors. 

Suppose now that / G L P (T) for some p, 1 < p < oo. Because \t\ p is a 
convex function on the real line when p > 1, one can use (2.25), (2.41), and 
Jensen's inequality to get that 

(2.46) \f r {z)\* < ± J P r {z,w)\f{w)ndw\ 
for every z G T and re [0, 1). This implies that 

(2.47) i- ^ \f r (z)\ p \dz\ < ± ^ \dw\ 

for every r G [0, 1), by integrating (2.46) over z G T and interchanging the order 
of integration, as before. One can also show that (2.45) holds with respect to the 
L p norm when / G L P (T) and 1 < p < oo, by approximating / by continuous 
functions and using (2.47) to estimate the errors again. If p = 2, then the series 
expansion (2.20) for f r (z) implies that 

(2.48) -L J \f r (z)\ 2 \dz\= J2 rl"l|/(n)| 2 

^ n— — oo 

for each r G [0,1), because of the orthonormality of the z n, s in i 2 (T). In 
particular, this implies (2.47) in this case, because of (2.39). One can also use 
the series expansion (2.20) and the orthonormality of the z n, s to show that 
(2.45) holds with respect to the L 2 norm. This is analogous to the convergence 
of the Abel sums of an absolutely convergent series. 

If / is a bounded measurable function on the unit circle, then (2.40) and 
(2.25) imply that 

(2-49) sup|/ r (z)| < ||/||i~ (T) 

for every r G [0, 1), where ||/||l°°(t) is the usual L°° norm of /, which is the 
essential supremum of |/| on T. However, if f r converges to / as r — > 1— with 
respect to the L°° norm, then / has to be the same as a continuous function 
almost everywhere on T. Remember that the L°° norm of a continuous function 
on T is equal to its supremum norm, so that the convergence of a sequence 
of continuous functions on T with respect to the L°° norm implies that the 
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sequence is also a Cauchy sequence with respect to the suprcmum norm. This 
implies that the sequence converges with respect to the suprcmum norm on T, 
and that the limit is a continuous function on T. Of course, the limit of the 
sequence with respect to the L°° norm is equal to the limit with respect to the 
supremum norm almost everywhere on T. 



2.6 Borel measures 

Let /j, be a complex Borel measure on the unit circle. The Fourier coefficients 
of \i are defined by 

(2.50) ju(n) = / z n dfi(z) 

Jt 

for each n G Z, and the corresponding Fourier series is given by 

oo 

(2.51) ]T n(n)z n . 

n— — oc 

If / is an integrable function on T, and if fi is the Borel measure defined by 

(2.52) n{A) = ±-Jj{z)\dz\ 

for each Borel set ACT, then (2.50) and (2.51) are the same as (2.1) and (2.2) 
for /, respectively. As in (2.3), 

(2.53) |£(n)| < H(T) 

for each n G Z, where |/x| denotes the total variation measure on T associated 
to fi. However, it is not necessary for ju(n) to tend to as \n\ — > oo, as one can 
see by taking fi to be a Dirac mass at a point in T. 
As before, put 

oo 

(2.54) nr{z) = Kn)r H z n 

n— — oo 

for each z e T and r G [0, 1), so that 

(2.55) fi r (z) = J P r (z,w) dfi(w), 
as in Section 2.4. Thus 

(2.56) |M*)| < / P r (z,w)d\fx\(w) 

Jt 

for each z £ T and r G [0, 1), as in the previous section. This implies that 

(2.57) ±^W(z)\\dz\<\»\(T) 
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for each r £ [0, 1), by interchanging the order of integration and using (2.43), as 
in the case of integrable functions. Note that n r (z) is a nonnegative real number 
for each z £ T and r £ [0, 1) when \i is a nonnegative real-valued measure on 
T, since the Poisson kernel is real- valued and nonnegative. 

If / is a continuous complex- valued function on T, then it is easy to see that 

(2.58) i- J » r (z) f(z) \dz\ = f r (z) dn{z) 

for every r £ [0,1), where f r {z) is as in (2.35). We have already seen that 
f r — > f uniformly on T as r — > 1 — , which implies that 

(2.59) lim f f r {z)dii{z)= f f(z)dfi(z). 
This shows that 

(2.60) lim_ i- J Mr (z) f(z) \dz\ = f(z) d^z) 

for every continuous function / on T. 
Of course, 

(2.61) A(/)= J f(z)dn(z) 

defines a linear functional on the vector space C(T) of continuous complex- 
valued functions on T. More precisely, this is a bounded linear functional on 
C(T) with respect to the supremum norm, because 

(2.62) |A(/)| < / \f{z)\d\n\{z) < (sup|/(z)|) | M |(T) 

for every / £ C(T). This implies that the dual norm of A with respect to the 
supremum norm on C(T) is less than or equal to |/x|(T), and one can show that 
the dual norm of A is actually equal to |yu|(X). Conversely, a version of the Riesz 
representation theorem states that every bounded linear functional on C(T) is 
of this form, as in Section 1.14. Put 

(2.63) X r (f) = ^^n r (z)f(z)\dz\ 

for each r £ [0, 1), so that A r is a bounded linear functional on C(T) for each 
r £ [0, 1). Thus (2.60) says exactly that A r — s> A as r — > 1— with respect to the 
weak* topology on the dual of C(T). Note that A r does not normally converge 
to A as r — > 1— with respect to the dual norm associated to the supremum norm 
on C(T), which is the same as saying that (l/27r) /j, r (z) \dz\ does not normally 
converge to fi as r — > 1— with respect to the total variation norm on the space of 
complex Borel measures on T. This type of convergence would imply that yU r (z) 
converges in L : (T) as r — >• 1 — , in which case fi would be absolutely continuous, 
with density equal to the limit of [i r in L X (T) as r — > 1 — . 
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2.7 Absolutely convergent series 

Let {a,j}jl_ 00 be a doubly- infinite sequence of complex numbers such that 

oo oo oo 

(2-64) ]T |a, I =]>>,!+]>>-, I 

j= — oo j=0 j=l 

converges, so that {aj}jZ_ ao corresponds exactly to a summable function on Z, 
as in Section 1.8. Put 



(2.65) f(z) = 



for each z G T, which may be considered as the sum of the two absolutely 
convergent series Y^jLo a j ^ an< ^ 12'jLi a -j z Weierstrass' M-test implies 
that the partial sums of these series converge uniformly on T, and hence that 
/ is a continuous function on T. It is easy to see that 

(2.66) f(j) = a, 

for each j G Z, using the uniform convergence of the partial sums to interchange 
the order of summation and integration in the definition (2.1) of the Fourier 
coefficients of /. Thus (2.65) is the same as the Fourier series of / in this case. 
Conversely, suppose that / is an integrable function on T, and that 

oo oo oo 

(s.e?) e i/ooi = Ei/o-)i+Ei/(-i)i 

j=-oo j=0 j=l 

converges, so that the Fourier series (2.2) of / converges absolutely for each 
z G T. Under these conditions, we have seen in Section 2.5 that the Abel 
sums of the Fourier series of / converge to / with respect to the L 1 norm, 
which implies that / is equal to the function defined by its Fourier series almost 
everywhere on T. Similarly, if ji is a Borel measure on T, then we have seen in 
the previous section that the Abel sums of the Fourier series of \x converge to \x 
with respect to the weak* topology on the space bounded linear functionals on 
C(T). If the Fourier coefficients of /x are absolutely summable, then it follows 
that /i is absolutely continuous with respect to Lebesgue measure on T, with 
density equal to the function defined by the Fourier series of \i. 

Let {aj}j2._ tx be a doubly-infinite sequence of complex numbers for which 
(2.64) converges, as before, and let f(z) be the corresponding function defined 
on T as in (2.65). Also let {6fc}^L_ 00 be another doubly-infinite sequence of 
complex numbers such that X^fel-oo converges, and put 

oo 

(2.68) g(z)= h * zk 

k— — oo 

for each z G T. The product of f(z) and g(z) can be expressed formally as 

oo 

(2.69) f(z)g(z)= E c « z "< 
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where 

oo 

(2.70) c„= a J b " 



J = -QO 



for each integer n. More precisely, it is easy to see that the series in (2.70) 
converges absolutely for each n, using the convergence of (2.64) and the fact 
that the b^s are uniformly bounded, because of the convergence of J2T=~oo \ b k\- 
We also have that 

oo 

(2.71) |c|< \ a oW b n-j\ 

j=-oo 

for each integer n, and hence 

oo oo oo 

(2-72) ]T \c n \< £ ( ]T \aj\K.j\). 

n— — oo n— — oo j— — oo 

Interchanging the order of summation on the right side of (2.72), we get that 

oo oo oo 

(2-73) £ |c„|< £ ( £ |a,||&„_,|). 

71 — — OO j — — OO 71 — — OO 

Of course, 

oo oo oo 

(2.74) \ a 3\\ b n- 3 \ = \a 3 \ \ b n-A = \aj\ N 

n= — oo n= — oo fc= — oo 

for each j, and so we can substitute this into (2.73) to get that 

oo oo oo 

(2-75) ]T |c„|<( ]T X! IM)- 

n— — oo j= — oo k— — oo 

This shows that X)^L-oo l c «l converges, so that the series on the right side of 
(2.69) converges absolutely for every z G T. Similarly, one can check that (2.69) 
holds for every z £ T, by interchanging the order of summation. 

Suppose now that f(z),g(z) e L 2 (T), so that their product f(z) g(z) is an 
integrable function on T. Let us check that 

oo 

(2.76) (f9)(n)= ]T f(j)g(n-j) 

j=—oo 

for each integer n. Remember that X^ji-oo l/(j)| 2 converges when / G L 2 (T), 
as in (2.10), and similarly for g. In particular, this implies that the sum on 
the right side of (2.76) converges absolutely, as in Section 1.10. If g(z) = z l 
for some integer I, then g{k) is equal to 1 when k = I and to otherwise, in 
which case (2.76) can be verified directly from the definitions. If g(z) is a linear 
combination of z l, s for finitely many integers I, then (2.76) follows from the 
previous case by linearity. If g is any L 2 function on T, then we have seen that 
g(z) can be approximated by linear combinations of z l, s in the L 2 norm, and 
one can use this to derive (2.76) from the preceding case. 
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2.8 Holomorphic functions 

Let / be an integrable complex-valued function on the unit circle, and let u(Q be 
the function on the open unit disk U defined by (2.21). Suppose that f(n) = 
for each negative integer n, so that 

oo 

(2-77) u(C) = £/(n)C" 

71=0 

is a holomorphic function on the unit disk. Put f r (z) = u(r z) for each z € T 
and r 6 [0, 1), as in (2.35), so that 

CO 

(2.78) f r (z) = Y,Kn)r n z n . 

Remember that f r — > / as r — > 1— with respect to the LP norm when / is an 
LP function on T and 1 < p < oo, and that f r — > f uniformly on T as r — > 1 — 
when / is continuous on T, as in Sections 2.4 and 2.5. It follows that / can be 
approximated by finite linear combinations of the z n, s with n > with respect 
to the LP norm when / is an LP function on T and 1 < p < oo, and with respect 
to the supremum norm when / is continuous on T, since the partial sums of 

(2.78) converge to f r uniformly on T by Weierstrass' M-test. 

Conversely, if u(() is a holomorphic function on U, then Cauchy's theorem 
implies that 

(2.79) j> u(rz)z n dz = 

for every re [0, 1) and nonnegative integer n. This implies that 

(2.80) J u{rz)z n \dz\ =0 

for each r G [0, 1] and positive integer n, since dz — i z \ dz\ on the unit circle. If 
u is continuous on the closed unit disk U, and if / is the restriction of u to T, 
then it follows that 

(2.81) / f(z)z n \dz\=0 

JT 

for every positive integer n, by taking the limit as r — >• 1— in (2.80). This also 
works when u(r z) — >■ f(z) as r — > 1— with respect to the L 1 norm on T, instead 
of asking that u be continuous on U. Of course, (2.81) is the same as saying 
that f(n) = for each negative integer n. 

Suppose now that /, g e L 2 (T) satisfy f(n) = g{n) = for every negative 
integer n. In this case, (2.76) implies that 



(2.82) 



(f9)(n) = o 
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when n < 0, and 

n 

(2-83) (7^)(n) = £/(j)?(n-j) 

i=o 

when n > 0. This also works when / <G £ P (T), 5 G L q (T), and 1 < p, q < 00 are 
conjugate exponents, which is to say that l/p+l/q = 1. Note that the product 
f(z) g(z) is an integrable function on T, because of Holder's inequality. As 
before, one can verify (2.82) and (2.83) under these conditions by approximating 
/ or g by finite linear combinations of z l, s with I > 0. More precisely, it is better 
to approximate / by finite linear combinations of z l, s when p = 1 and q — 00, 
and similarly to approximate g by finite linear combinations of z l, s when q = 1 
and p = 00. This is a bit simpler than (2.76), in that one does not have to be 
concerned with convergence of an infinite sum of products of Fourier coefficients 
in the present situation. Once one has (2.82) and (2.83), it follows that one gets 
a holomorphic function on U associated to f g as in (2.77), and that this function 
is equal to the product of the holomorphic functions on U associated to / and 
g in the same way. 

If /x is a complex Borel measure on T such that ju(n) = for each negative 
integer n, then it can be shown that /1 is absolutely continuous on T, so that \i 
is defined by an integrable function on T. This is a famous theorem of F. and 
M. Riesz. 



Chapter 3 

Topological groups 



3.1 Definitions and basic properties 

Let G be a group, in which the group operations are expressed multiplicatively. 
Thus the product of x, y G G is denoted xy, e is the identity element in G, and 
x -1 is the inverse of x G G. Suppose that G is also equipped with a topology, 
and that the group operations are continuous with respect to this topology. 
More precisely, this means that multiplication is continuous as a mapping from 
(x, y) G G x G to x y G G, using the product topology on G x G associated to 
the given topology on G, and that x n> x~ x is continuous as a mapping from 
G into itself. In order for G to be a topological group, it is customary to ask in 
addition that {e} be a closed subset of G. 

The real line R is a commutative topological group, with respect to addition 
and the standard topology. The unit circle T is a commutative topological 
group with respect to multiplication, using the topology induced on T by the 
standard topology on the complex plane. Any group G is a topological group 
with respect to the discrete topology on G. We shall be especially interested in 
topological groups that are locally compact as topological spaces, which includes 
the examples just mentioned. 

If G is a topological group and a G G, then the corresponding left translation 

(3.1) xn>ax 

is continuous as a mapping from G into itself, by continuity of multiplication 
in G. Similarly, x n> a -1 x is also continuous, and is the inverse mapping 
associated to (3.1), so that (3.1) is a homeomorphism from G onto itself for 
each a G G. The same argument shows that the right translation mapping 

(3.2) x^xb 

is a homeomorphism from G onto itself for each b G G. It follows that {a} is a 
closed subset of G for every a G G. 
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If a,b EG and A,B <ZG, then put 

(3.3) aB = {ab:bE B} 
and 

(3.4) Ab={ab:aE A}. 

Equivalently, aB is the image of B under the left translation (3.1), and Ab is 
the image of A under the right translation (3.2). In particular, a B and A b have 
the same topological properties as A and B, respectively, such as being open, 
closed, compact, or connected. Also put 

(3.5) AB = {ab : a E A, b E B}, 
which is the same as 

(3.6) AB = (J aB = (J Ab. 

a£A beB 

This implies that AB is an open set in G when A or B is an open set. 

Note that x x^ 1 is a homeomorphism from G onto itself, since it is 
continuous and its own inverse. Thus 

(3.7) A' 1 = {a- 1 :aeA} 

also has the same topological properties as A. 

If W is an open set in G such that e G W, then there are open subsets U, 
V of G such that e £ U, e £ V, and 

(3.8) t/VCW, 

because of continuity of multiplication at e. Let x, y be distinct elements of G, 
so that the set W of u> G G with w ^x _1 j/isan open set in G that contains e. If 
{/, V are as before, then (3.8) says that uv ^ x^ 1 y for every u E U and v E V, 
which implies that xu ^ yv~ x for every u E U and v E V, or equivalently 

(3.9) (xU)n(yV- 1 ) = 9. 

This shows that G is Hausdorff as a topological space, since ir U and y V^ -1 are 
disjoint open subsets of G that contain x and y, respectively. 

Now let x be an element of G, and let E be a closed set in G such that 
x £ E. Thus x^ 1 E is a closed set in G that does not contain e, so that its 
complement W is an open set that contains e. If U and V are as in the previous 
paragraph, then uv $ x^ 1 E for every u E U and v E V, which is the same as 
saying that xu £ Ev^ 1 for every u E U and v E V. Equivalently, 

(3.10) (xU)D(EV- 1 ) =0, 

which implies that G is regular as a topological space, because x U is an open 
set that contains x, and EV" 1 is an open set that contains E. Note that we 
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could have applied the same argument to E x 1 instead of x 1 E, to get open 
subsets U, V of G containing e such that 

(3.11) (Vx)n(u- 1 E) = 9. 

This would also imply that G is regular, since V x and U _1 E are disjoint open 
sets that contain x and E, respectively. Alternatively, one could get open sets 
like these by applying the previous argument to E^ 1 and a; -1 , and then using 
the mapping a n> a . 

Let E be a closed set in G again, and let if be a compact set such that 
if n E = 0. If x e if, then x ^ E, and hence there are open subsets 17 (x), V(x) 
of G containing e such that 

(3.12) {xU{x))r\{EV{x)- 1 ) = %, 

as in (3.10). Because of continuity of multiplication at e, for each x € if there 
is an open set U\ (x) in G such that e E U\ (x) and 

(3.13) U!(x)Ui(x)CU(x). 

Of course, if is covered by the open sets xU\(x) with x € K , and hence there 
are finitely many elements x\, . . . , x n of if such that 

n 

(3.14) if C [jxjU^xj), 

i=i 

by the compactness of if. Put 

n n 

(3.15) ^1=0 and v = n 

so that 17i, V are open subsets of G containing e. Thus 

(3.16) (x j U 1 (x j )U 1 )n(EV- 1 )=® 
for j = 1, . . . , n, by (3.13), which implies that 

(3.17) (if 17i) n (EV- 1 ) = 0, 
because of (3.14). As before, one could just as well get that 

(3.18) (&! K) n (V- 1 E) = ® 

for some open sets U\,V containing e by an analogous argument, or by applying 
the previous argument to if _1 and E~ x and using the mapping a ^ a^ 1 . 

If A and B are compact subsets of G, then AB is also compact, because 
A x B is compact with respect to the product topology, and the group operation 
is a continuous mapping that sends AxB onto A B. Of course, compact subsets 
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of G are closed, because G is Hausdorff. Suppose now that A is compact and 
B is closed, and let us check that AB is also closed. If x E G is not in AB, 
then x 7^ a b for every aei and b E B, so that a -1 x 7^ 6 for every oei and 
b E B, and hence (A _1 x) n S = 0. Thus we can apply the argument in the 
previous paragraph to K = A^ 1 x and E = B, to get an open set U\ in G such 
that e <G U\ and 

(3.19) (^ 1 sC/ 1 )flB = 8. 

This is the same as saying that a -1 xu 7^ b for each o £ 6 £ B, and w £ f/i, 
so that x u 7^ a b for every a £ 4, i) 6 B, and u &U\, and hence 

(3.20) (zl/i) n (AB) = 0. 

This implies that the complement of AB is an open set, so that is closed, 
as desired. Similarly, if A is closed and B is compact, then A B is closed too. 

Let E be any subset of G, and let E be the closure of E in G. Thus x E E 
if and only if every neighborhood of x in G contains an element of E, which is 
the same as saying that (x U) n E 7^ for every open set U in G with e E U, 
and that (U x) f) E ^ for every such f7. As usual, (x £/) n £7 7^ if and only if 
x E E U' 1 , and similarly (U x) H .E 7^ if and only if x £ J7 _1 £. Hence 

(3.21) s = p|£;y = n F£! ' 

where the intersection is taken over all open subsets V of G with e E V . In 
particular, E is contained in E V and in V E for every such V". 

3.2 Metrizability 

If X is any topological space, then a simple necessary condition for the existence 
of a metric on X that determines the same topology is that for each p E X 
there be a local base for the topology of X at p with only finitely or countably 
many elements. Although this necessary condition is not sufficient for arbitrary 
topological spaces, it turns out to be sufficient for topological groups. Of course, 
if a topological group has a local base for its topology at the identity e with 
only finitely or countably many elements, then it has such a local base at every 
point, because of continuity of translations. 

More precisely, a metric d(x, y) on a topological group G is said to be left 
invariant if 

(3.22) d{ax,ay) = d{x,y) 

for every a,x,y E G. Similarly, d(x,y) is said to be right invariant if 

(3.23) d{xb,yb) = d{x,y) 

for every b,x,y E G. If there is a local base for the topology of G at e with 
only finitely or countably many elements, then a well-known theorem states that 
there is a left-invariant metric on G that determines the same topology. One 
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could instead get a right-invariant metric, by the same argument, or using the 
mapping x i— > x^ 1 to switch between the two. 

The standard metric on the real line is invariant under translations, as is 
the restriction of the standard metric on the complex plane to the unit circle 
as a group with respect to multiplication. The discrete metric on any group is 
invariant under left and right translations. If G is a Lie group, then one can first 
get a smooth Riemannian metric on G that is invariant under left translations, 
by choosing an inner product on the tangent space at e and extending it to the 
rest of G using left translations. If G is also connected, then the corresponding 
Riemannian distance function defines a left-invariant metric on G. One can 
get right-invariant Riemannian metrics and distance functions in the same way, 
and the distance function will be invariant under both left and right translations 
when the Riemannian metric is invariant under both left and right translations. 

Let G be a topological group, and let B(e) be a local base for the topology 
of G at e. If E is any subset of G, then it is easy to see that 

(3.24) E= P| EV= P| VE, 

VetS(e) VEB(e) 

by (3.21). In particular, if 6(e) is countable, then every closed set in E can 
be expressed as the intersection of a sequence of open sets. Equivalently, every 
open set in G can be expressed as the union of a sequence of closed sets. This 
is a well-known property of metric spaces, which can be verified directly in this 
way when £>(e) is countable. 

Similarly, if A is a dense subset of G, then one can check that the collection 
of open sets of the form a U with a £ A and U £ B(e) is a base for the topology 
of G. If A and B(e) are countable, then it follows that G has a countable base for 
its topology. This is another well-known property of metric spaces that can be 
verified more directly when B(e) is countable. Of course, the collection of open 
sets of the form U a with a £ A and U £ B(e) is also a base for the topology of 
G under these conditions. 

If G\ and G2 are topological groups, then their Cartesian product G\ x G2 
is also a topological group, with respect to the product topology and group 
structure. Note that G\ x G2 is locally compact when Gi and G2 are locally 
compact. Suppose that d\{xi,yi) and ^2(^2, 2/2) arc metrics on G\ and G 2 , 
respectively, that determine their given topologies. As in Section 1.16, (1.149) 
and (1.150) define metrics on G\ x G2 corresponding to the product topology. 
If d\(x\,y\) and <^2 (^2,2/2) are both invariant under left or right translations, 
then it is easy to see that (1.149) and (1.150) have the same property. 

Now let / be an infinite set, and suppose that for each j £ I we have a 
topological group Gj. It is easy to see that the Cartesian product G = Y\j eI Gj 
is also a topological group, with respect to the product topology and group 
structure again. If Gj is compact for each j £ I, then Yljei Gj is compact 
as well, by Tychonoff's theorem. If I is countably infinite and dj(xj,yj) is a 
metric on Gj that determines the given topology for each j £ I, then we can get 
a metric on G corresponding to the product topology as in (1.152) in Section 
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1.16. This metric is invariant under left translations on G when dj{xj,yj) is 
invariant under left translations on Gj for each j G /, and similarly for right 
translations. 

3.3 Uniform continuity 

Let G be a topological group, and let / be a real or complex- valued function 
on G. We say that / is left uniformly continuous along a set A C G if for each 
e > there is an open set U C G such that e E U and 

(3.25) \f(ux)-f(x)\<e 

for every x <E A and u £ U. Similarly, we say that / is right uniformly continuous 
along A if for every e > there is an open set U C G such that e G U and 

(3.26) \f(xu)-f(x)\ <e 

for every x G A and u G f. Of course, these two conditions are equivalent 
when G is abelian, and they are analogous to uniform continuity conditions for 
functions on metric spaces. If the topology on G is determined by a metric 
d(x, y) that is invariant under right translations, then left uniform continuity 
can be reformulated in terms of a uniform continuity condition with respect to 
d(x, y). In the same way, if the topology on G is determined by a metric d(x, y) 
that is invariant under left translations, the right uniform continuity can be 
reformulated in terms of a uniform continuity condition with respect to d(x, y). 

If / is continuous on G and A is compact, then / is automatically both left 
and right uniformly continuous along A. This is analogous to uniform continuity 
properties of continuous functions on compact subsets of metric spaces. To see 
this, let e > be given, and for each p G A let U(p) C G be an open set such 
that e G U{p) and 

(3-27) |/(«p)-/(p)|<| 

for every u G U(p). Using the continuity of multiplication at e, we get for each 
peian open set U\{p) C G such that e G U\{p) and 

(3.28) U\(p) U\(p) C U(p). 

Thus Ui (p) p is an open set that contains p for each p £ A, and compactness of 
A implies that there are finitely many points p\ , . . . , p n in A such that 

n 

(3.29) AC [jU^pj. 

3 = 1 

Put U = C\JLi Ui(pj), which is an open set in G that contains e. If x G A and 
u G U, then x G Ui(pj)pj for some j, 1 < j < n, and hence 

(3.30) G f U\(pj)p C E/ifo) E/i(Pj-)Pj C C/(^)p,, 
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It follows that 

(3.31) \f(ux) f(x)\ < \f(ux) - f( Pj )\ + \f(x) f( Pj )\ < | + j = e, 

using (3.27) with p = pj twice in the second step. This implies that / is 
left uniformly continuous along A, and one can show that / is right uniformly 
continuous along A in essentially the same way. Alternatively, one can derive 
the right uniform continuity of / along A from the left uniform continuity of 
fix' 1 ) along A' 1 . 

If / is a continuous function on G with compact support, then / is left 
and right uniformly continuous along supp/, as before. It is not difficult to 
check that / is actually left and right uniformly continuous on G under these 
conditions. One way to do this is to take the open sets U in the definition 
of uniform continuity to be symmetric about e, in the sense that U^ 1 = U, 
by replacing U with U H U . Similarly, if / is a continuous function on G 
that vanishes at infinity, then / is left and right uniformly continuous on G. If 
{fj}j^Li 1S a sequence of left or right uniformly continuous functions on G that 
converges uniformly to a function / on G, then it is easy to see that / is also left 
or right uniformly continuous on G, as appropriate, by standard arguments. In 
particular, the spaces of left or right uniformly continuous functions on G that 
are bounded on G are closed in C b (G) with respect to the supremum norm. 

Let / be a continuous function on G, and for each a G G let L a (f) be the 
function defined on G by 

(3.32) (L a (f))(x) = f(a- 1 x) 
for each ieG. If b is another element of G, then 

(3.33) (L a (L b (f)))(x) - {L b {f)){a- l x) = f{b- 1 a- 1 x) 

= f{{ab)- 1 x) = {L ab {f)){x) 



for every x 6 G. Similarly, let R a {f) be the function defined on G by 



(3.34) (R a (f))(x)=f(xa) 
for every x G G, and observe that 



(3.35) (R a (R b (f)))(x) = (R b (f))(xa) = f(xab) = (R ab (f))(x) 

for every a, b, x 6 G. Of course, L a (f) and R a {f) are continuous functions on G 
for every a e G when / is continuous on G, because of continuity of translations. 
The condition that / be left uniformly continuous on G can be reformulated as 
saying that L a (f ) — > f uniformly on G as a — >• e, and the condition that / 
be right uniformly continuous on G is equivalent to asking that R a (.f) — > / 
uniformly on G as a — > e. 
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3.4 Haar measure 

Let G be a locally compact topological group. It is well known that there is a 
nonnegativc Borel measure Hl on G with suitable regularities properties such 
that Hl(K) < oo for every compact set K in G, Hl{U) > for every nonempty 
open set U in G, and 

(3.36) H L {aE)=H L {E) 

for every Borel set E C G and a <E G. This measure Hl is said to be a left- 
invariant Haar measure on G, and it is unique in the sense that any other Borel 
measure on G with the same properties is equal to a positive real number times 
Hl- Although we shall not discuss the proof of existence of Haar measure here, 
let us mention some basic examples where it is easy to identify. If G is equipped 
with the discrete topology, then we can simply take Hl to be counting measure 
on G. Lebesgue measure on the real line satisfies the requirements of Haar 
measure with respect to addition, and arc length measure on the unit circle 
satisfies the requirements of Haar measure with respect to multiplication. If G 
is a Lie group, then Haar measure on G can be obtained from a left-invariant 
volume form. 

Similarly, a nonnegative Borel measure Hr on a locally compact group G 
with suitable regularity properties is a right-invariant Haar measure on G if 
Hr{K) < oo for every compact set K in G, Hr{U) > for every nonempty 
open set U in G, and 

(3.37) H R (Eb) = H R {E) 

for every Borel set E in G and b 6 G. Observe that Hr is a right-invariant 
Haar measure on G if and only if Hr(E^ 1 ) is a left- invariant Haar measure on 
G. In particular, right-invariant Haar measure is unique up to multiplication 
by a positive real number. Of course, left and right-invariant Haar measures on 
G are the same when G is commutative. 

Let 1 e (x) be the indicator function associated to a Borel set E C G, which 
is equal to 1 when x 6 E and to otherwise. Observe that 

(3.38) l aE (x) = l E (a- 1 x) 

for every a,x e G. If / is a nonnegative Borel measurable function on G and 
Hl is a left-invariant Haar measure, then /(a" 1 x) is Borel measurable for every 
a E G, and 

(3.39) / /(a" 1 x) dH L {x) = f f(x) dH L (x), 

JG JG 

as one can see by approximating / by simple functions. If / is a real or complex- 
valued function on G which is intcgrable with respect to Hl , then one can apply 
this to |/(x)| to get that /(a -1 x) is also integrable with respect to Hl for each 
a e G, and that (3.39) still holds. Similarly, 



(3.40) 



1-Eb(%) = 1b(x6 1 ) 
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for every 6, x G G. If / is a nonnegative Borel measurable function on G and H R 
is a right-invariant Haar measure, then f{xb~ l ) is Borel measurable for every 
b G G, and 

(3.41) [ f(xb- 1 )dH R (x)= f f(x)dH R (x). 
Jg Jg 

If / is a real or complex- valued function on G which is integrable with respect to 
H R , then /(xb^ 1 ) is integrable with respect to H R for every b G G, and (3.41) 
still holds. 

Let Hl be a left-invariant Haar measure on G, and put 

(3.42) I L (f)= f fdH L 

Jg 

for each / G C com (G). This defines a nonnegative linear functional on C com {G), 
and > when / is a nonnegative real- valued continuous function with 

compact support on G such that f(x) > for some x G G. As in (3.39), 

(3.43) I L {L a {f)) = I L {f) 

for every / G C com (G) and a G G, where L a (f) is as in (3.32). Similarly, if H R 
is a right-invariant Haar measure on G, then 

(3.44) I R (f)= f fdH R 

JG 

defines a nonnegative linear functional on C com (G) such that I R {,f) > when 
/ is a nonnegative real-valued function with compact support on G such that 
f(x) > for some x G G, and 

(3.45) I R (R a (f)) = I R (f) 

for every / G C com (G) and a G G, where R a (f) is as in (3.34). 

Conversely, suppose that II is a nonnegative linear functional on C com (G) 
such that > when / is a nonnegative real- valued continuous function 

with compact support on G, and which is invariant under left translations 
in the sense that (3.43) for every / G C com (G). Under these conditions, the 
Riesz representation theorem implies that there is a unique nonnegative Borel 
measure Hl with suitable regularity properties such that (3.42) holds for each 
/ G C com (G). It is easy to see that Hl is a left-invariant Haar measure on 
G under these conditions, and indeed the existence of Haar measure is often 
derived from the existence of an invariant linear functional on C com (G) of this 
type. Similarly, if I R is a nonnegative linear functional on C com (G) such that 
Ir{J) > when / is a nonnegative real- valued continuous function on G with 
compact support such that f(x) > for some x G G, and if I R is invariant 
under right translations in the sense that (3.45) holds for every / G C com (G), 
then the Riesz representation theorem leads to a right-invariant Haar measure 
on G. 
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If G\ and G2 are locally compact topological groups, then G\ x G2 is also a 
locally compact topological group, with respect to the product group structure 
and topology. In this situation, left or right-invariant Haar measure on G\ x G 2 
basically corresponds to the product of the left and right-invariant Haar mea- 
sures on G\ and G2, respectively. As in Section 1.15, there can be some technical 
issues related to this, which are easy to handle when there are countable bases 
for the topologies of G\ and G2. Otherwise, one can get left or right-invariant 
Haar integrals as nonnegative linear functionals on C com {G\ x G 2 ), using the 
corresponding Haar integrals on G\ and G2. 

Let I be an infinite set, and let Gj be a compact topological group for each 
j G /, so that G = Ylj eI Gj is a compact topological group with respect to the 
product group structure and topology. Of course, the Haar measure of Gj is 
finite for each j G /, because Gj is compact, and we can normalize it to be equal 
to 1. Again the Haar measure on G basically corresponds to the product of the 
Haar measures on the G/s, which can also be described by the associated Haar 
integrals, as in Section 1.15. 

3.5 Left and right translations 

Let G be a compact topological group, and let Hl and Hr be left and right- 
invariant Haar measures on G, respectively. Also let / be a continuous function 
on G, so that f(xy) is a continuous functions of (x,y) G G x G, and 



This is a version of Fubini's theorem, which can be verified by approximating 
,f(xy) by finite sums of products of continuous functions of x and y. At any 
rate, the invariance of Hr under right translations implies that 



(3.46) f ( f f{xy)dH R {x)) dH L (y) = f (f f(xy)dH L (y)) dH R (x) 




(3.47) 




for every y G G. Thus the left side of (3.46) is equal to 



(3.48) 




Similarly, the invariance of Hl under left translations implies that 



(3.49) 




for each x G G, so that the right side of (3.46) is equal to 



(3.50) 



Hr(G) [ f(y)dH L (y). 

JG 
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The equality of (3.48) and (3.50) implies that Hl and Hr are positive constant 
multiples of each other, and hence that they are both invariant under both left 
and right translations. 

Now let Hl be a left-invariant Haar measure on a locally compact topological 
group G, and let a be an element of G. It is easy to see that Hl(E a) also satisfies 
the requirements of left-invariant Haar measure on G, so that there is a positive 
real number 4>l{o) such that 

(3.51) H L (E a) = <f> L (a) H L {E) 

for every Borel set E C G. If b is another element of G, then 

(3.52) <t>L(ab)H L (E)=H L (Eab) = cPL(b)HL(Ea)= ( j>L{a) H(b)H L [E) 
for every Borel set E C G. Thus 

(3.53) Mab) =4> L (a)<f> L (b) 

for every a, b 6 G, so that </>l is a homomorphism from G into the multiplicative 
group R + of positive real numbers. 

If / is a nonnegative Borel measurable function on G, then 



(3.54) / f{xa- x )dH L (x) = cf> L (a) f f(x)dH L 

JG JG 



(*), 



since one can approximate / by simple functions and use (3.40) and (3.51). If 
/ is a nonnegative real-valued continuous function with compact support on G 
such that f(x) > for some x G G, then 

(3.55) [ f(xa- 1 )dH L (x)>0 

JG 

for every a G G, and one can check that 

(3.56) lim / f(xa- 1 )dH L (x)= [ f(x)dH L (x), 
a ^ e Jc Jg 

using the fact that / is right uniformly continuous on G, as in Section 3.3. This 
and (3.54) imply that (f>L is continuous at e, and hence that (f>L is continuous 
on G, because (pL is a homomorphism. 

If / is a nonnegative Borel measurable function on G again, then 

(3.57) / f{xaT x )<l> L {x)-' L dH L (x) 
Jg 

= Ma)' 1 f /(xa-^faixa-^dHLix) 
Jg 

f{x) Mx)' 1 dH L (x) 
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for every a G G. This uses (3.54) applied to f(x)<pL(x)~ 1 , and it would also 
work when / is an integrable function on G with respect to Hl with compact 
support, for instance. Thus 

(3.58) [ <j> L {x)- 1 dH L {x) 

J E 

satisfies the requirements of right-invariant Haar measure on G. Of course, there 
are analogous statements for the behavior of right-invariant Haar measure on a 
locally compact group under left translations, which can also be derived from 
the statements for left- invariant Haar measure using the mapping x n> x _1 . 

3.6 Compact subgroups 

Let G be a locally compact topological group, let Hl be a left-invariant Haar 
measure on G, and let <pi be defined on G as in the previous section. If if is a 
compact subgroup of G, then (Pl{K) is a compact subgroup of R + . It is easy to 
see that the only compact subgroup of R + is the trivial subgroup {1}, so that 

(3.59) <t>L{x) = l 

for every x G K. This shows that left- invariant Haar measure on G is invariant 
under right translations by elements of K, and similarly right-invariant Haar 
measure on G is invariant under left translations by elements of K . 

Now let G be a topological group, and suppose that d(x, y) is a metric on G 
that determines the same topology. Let K be a, compact subgroup of G again, 
and consider 

(3.60) d'(x,y) = sup d(ax, ay) 

a£K 

for each x,y G G. Note that this is finite for every x,y G G, because Kx and 
K y are compact subsets of G, and hence are bounded with respect to the metric. 
One can check that the supremum is actually attained under these conditions, 
by standard arguments using continuity and compactness. It is easy to see 
that (3.60) defines a metric on G, which is invariant under left translations by 
elements of K by construction. Of course, 

(3.61) d{x,y)<d\x,y) 

for every x,y G G, since we can take a = e in (3.60). This implies that every 
open set in G is an open set with respect to d'(x, y), and we would like to show 
that d'(x,y) defines the same topology on G. 

It suffices to show that for every x G G and e > there is an open set U C G 
such that e G U and 

(3.62) d'(x,xu)<e 
for each u G U. Equivalently, this means that 



(3.63) 



d(ax,axu) < e 
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for every a G K and u G U, which is basically a uniform continuity condition 
along K x, as in Section 3.3. More precisely, this is the same as saying that the 
identity mapping on G is right uniformly continuous along Kx as a mapping 
from G as a topological group into G as a metric space with the metric d(-, •). 
This can be verified using the same type of argument as before, because K x 
is compact, and the identity mapping on G is continuous as a mapping from 
G as a topological group into G as a metric space with the metric d(-, •) by 
hypothesis. 
Similarly, 

(3.64) d"(x,y) = sup d(xb,yb) 

bEK 

is a metric on G that is invariant under right translations by elements of K 
and determines the same topology on K. If we apply this to d'(x,y) instead of 
d"(x,y), then we get a metric 

(3.65) d"'(x,y) = sup d(axb,ayb) 

a,beK 

that is invariant under both left and right translations by elements of K, and 
determines the same topology on G. If G is compact and metrizable, then 
it follows that there is a metric on G that is invariant under left and right 
translations and determines the same topology on G. Alternatively, if 

(3.66) d(x b, y b) = d(x, y) 
for some b G G and every x,y G G, then 

(3.67) d'(xb,yb) = d'{x,y) 

for every x,y G G as well. Thus one can start with a metric d(x,y) on G 
that is invariant under right translations by elements of G, and get a metric 
d'(x,y) that is invariant under bith right translations by elements of G and 
left translations by elements of K. In the same way, one could start with a 
metric d(x, y) that is invariant under left translations by elements of G, and get 
a metric d"(x, y) that is invariant under left translations by elements of G and 
right translations by elements of K. Remember that for any topological group 
G with a countable local base for its topology at the identity element e, there is 
a metric on G that determines the same topology and is invariant under either 
left or right translations, as in Section 3.2. 

3.7 Additional properties 

Let G be a locally compact topological group, and let Hl be a left-invariant 
Haar measure on G. Suppose that Hl(G) < oo, and let us show that G is 
compact. Let U be an open set in G such that e G U and U is compact. Thus 
H L (U) > 0, and if elements of G such that 



(3.68) 



{ Xj u) n (xi u) = % 
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when j ^ I, then 

n n 

(3.69) nH L (U) =^H L { X j U) = H L ( (J Xj U^j < H L {G). 

3-1 3=1 

This implies that n is bounded by H l{G) / H l{U) , and we suppose now that n 
is the largest possible positive integer for which there exist xi, . . . , x n G G such 
that (3.68) holds. 

If y is any element of G, then the maximality of n implies that 

(3.70) (y U) n [xj U) 

for some j, 1 < j < n. Equivalently, y 6 UU^ 1 , so that 

(3.71) G clJxjUU- 1 c\JxjUU'\ 

3=1 3=1 

By construction, U is compact, which implies that UU 1 is compact, and hence 
that the right side of (3.71) is compact. Of course, the right side of (3.71) is 
contained in G, so that they are the same, and thus G is compact, as desired. 

Let G be a topological group, and let H be a subgroup of G. It is well 
known that the complement of H in G can be expressed as a union of cosets 
of H, which are translates of H . In particular, if H is an open subset of G, 
then every translate of H is an open set, and hence the complement of H is an 
open set. This shows that open subgroups of G are automatically closed sets. 
If G is connected as a topological space, then it follows that G is the only open 
subgroup of itself. 

Suppose that V is an open set in G that contains e and is symmetric in the 
sense that V^ 1 = V. Let V n be V V ■ ■ ■ V, with n V's, or equivalently V 1 = V 
and V n+1 = V n V. It is easy to see that 

OO 

(3.72) H=[jV n 

n=l 

is a subgroup of G, which is also an open set, because V n is an open set for 
each n. Note that 

(3.73) v n c (W) cry = v n+1 

for each n, using (3.21) in Section 3 in the second step, so that 

oo 

(3.74) H = (J (W). 

n=l 

Note that (V)™ C (V n ) for each n, using continuity of multiplication. 

If G is locally compact, then we can choose V so that V is compact, and 
hence (V) n is compact for each n. In particular, (V) n is a closed set for each n. 
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which impliesjhat (V n ) C (V) n , because C (V) n . Thus (V") = (V) n for 
each n when V is compact, and i? = UnLiC^O™ is cr-compact. 

If a topological space X is cr-compact, then every closed set in X is cr- 
compact too, because the intersection of a closed set and a compact set is 
compact. If the topology on X is determined by a metric, then it is well known 
that every open set in X can be expressed as a countable union of closed sets. 
This was mentioned in Section 3.2, where an analogous argument was given for 
a topological group with a countable local base for its topology at the identity 
element. It follows that open sets are also cr-compact under these conditions. 
Note that a cr-compact metric space is separable, because compact metric spaces 
are separable, and hence has a countable base for its topology. If a locally 
compact topological space X has a countable base for its topology, then X is 
cr-compact. This is because X is covered by open sets contained in compact sets, 
and the existence of a countable base for the topology of X implies that this 
open covering can be reduced to a subcovering with only finitely or countable 
many elements. 

If a locally compact topological group G is cr-compact, then left and right- 
invariant Haar measure on G is cr-finite. Conversely, if left or right-invariant 
Haar measure on G is cr-finite, then G is cr-compact. As before, there is an open 
subgroup H of G which is cr-compact, and so it suffices to show that there are 
only finitely or countably many left or right cosets of H in G. Of course, the 
left cosets of H are pairwise-disjoint in G, as are the right cosets of H . The 
main point is that if a measurable set E C G has finite left or right-invariant 
Haar measure, then the intersection of E with left or right cosets of H can have 
positive Haar measure for only finitely or countably many such cosets. More 
precisely, for each e > 0, there can only be finitely many left or right cosets of H 
whose intersection with E has measure at least e, because E has finite measure. 
Applying this to e = 1/n for each positive integer n, it follows that there can 
only be finitely or countably many left or right cosets of H whose intersection 
with E has positive measure. If Haar measure on G is cr-finite, then there is a 
sequence E\ , E% , E$, . . . of measurable sets with finite measure whose union is 
the whole group. Because H is an open subgroup, its cosets are nonempty open 
sets as well, which have positive Haar measure. This implies that every coset of 
H should intersect some Ej in a set of positive measure, and hence that there 
are only finitely or countably many cosets of H, as desired. 

3.8 Quotient spaces 

Let G be a group, let H be a subgroup of G, and let G/H be the corresponding 
quotient space of left cosets of H in G. Also let q be the canonical quotient 
mapping from G onto G/H, which sends each a G G to the corresponding left 
coset a H. If g 6 G, then the left translation mapping a *-> ga leads to a natural 
mapping from G/H onto itself, which sends a left coset a H to gaH. Of course, 
if if is a normal subgroup of G, then the quotient G/H is a group in a natural 
way, and the quotient mapping q is a homomorphism from G onto G/H. 



■58 



CHAPTER 3. TOPOLOGICAL GROUPS 



Suppose now that G is a topological group, and consider the corresponding 
quotient topology on G/H. By definition, this means that a set W C G/H is an 
open set if and only if q~ 1 (W) is an open set in G. Equivalcntly, E C G/H is a 
closed set if and only if q~ 1 (E) is a closed set in G. In particular, the quotient 
mapping q : G — > G/H is automatically continuous with respect to the quotient 
topology on G/H. Observe that 

(3.75) q-\q{A))=AH 

for every A C G. If A is an open set in G, then A H is also an open set in G, so 
that q{A) is an open set in G/H. This shows that q is an open mapping from 
G onto G/H. 

Suppose from now on in this section that H is a closed subgroup of G. Of 
course, if is a coset of itself, and hence an element of G/H. Because of the way 
that the quotient topology on G/H is defined, H is a closed subgroup of G if and 
only if the subset of G/H consisting of the one coset H is a closed set. It is easy 
to see that the mappings on G/H corresponding to left translations on G are 
homeomorphisms with respect to the quotient topology, since left translations 
are homeomorphisms on G. This implies that every subset of G/H with exactly 
one element is closed with respect to the quotient topology. 

Let a, b be elements of G such that aH ^ bH, so that 6 _1 a $ H. Because 
H is a closed subgroup of G and hence the complement of H is an open set, 
the continuity of the group operations implies that there are open subsets U, 
V of G such that e G U, V and b^ 1 v^ 1 ua g" H for every u G U and v G V. 
Equivalently, uaH ^ vbH for every u^U and v which means that 

(3.76) q{Ua) Dq(Vb) = 0. 

Thus q(U a) and q(V b) are disjoint open subsets of G/H containing a H and b H, 
respectively, so that G/H is Hausdorff with respect to the quotient topology. 

Similarly, let E be a closed set in G/H, so that q^ 1 (E) is a closed set in G. 
If aH £ E, then a g" q^ 1 {E) 1 and there are open subsets U, V of G such that 
e G [7, V and v' 1 ua £ q^ 1 (E) for every u £ U and w G V, by the continuity of 
the group operations. If bH G then bH C q^ 1 (E), and hence «n 
for every u G ?/, and w G V, so that b~ 1 v~ 1 ua ^ H. Thus uaJ/ ^ vbH 
for every u G U and u G V when bH £ E, which is the same as saying that 
q(b) G E. It follows that 

(3.77) q(Ua)nq(Vq- 1 (E)) = ^ 

so that q(U a) and g(y q _1 (i?)) are disjoint open subsets of G/H that contain 
aH and E, respectively. This implies that G/H is regular with respect to the 
quotient topology. 

As in the previous section, if H is an open subgroup of G, then H is also a 
closed subgroup of G. In this case, the quotient topology on G/H is the same 
as the discrete topology. If G is locally compact and H is any closed subgroup 
of G, then it is easy to see that G/H is locally compact also, because q is both 
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continuous and open. If G is any topological group with a countable local base 
for its topology at e and H is any closed subgroup of G, then one can check that 
there is also a countable local base for the quotient topology on G/H at every 
point. Of course, it suffices to have a countable local base for the topology of 
G/H at the point corresponding to the coset H, since the mappings on G/H 
corresponding to left translations on G are homeomorphisms with respect to 
the quotient topology. 

Suppose that d(x, y) is a metric on G that determines the same topology 
and which is invariant under right translations by elements of H, so that 

(3.78) d(xh,yh) = d(x,y) 

for every x,y € G and h G H. The corresponding quotient metric on G/H is 
defined by 

(3.79) d'(aH,bH) = mf{d(ah 1 ,bh 2 ) : h u h 2 e H} 
for every aH,bH £ G/H. Equivalently, 

(3.80) d'(a H,bH)= m{{d(a h,b) : h e H} = M{d(a, bh):heH} 
for every aH,bH e G/H, because of (3.78). Clearly 

(3.81) d'(aH,bH) = d'(bH,aH)>0 

for every ah,bH e G/H. If aH ^ bH, then b aH, and one can check that 
d'(a H,b H) > using (3.80) and the fact that a H is a closed set, because H is 
a closed subgroup. 
Let us check that 

(3.82) d'(aH,cH) < d' (a H,b H) + d' (b H, c H) 

for every aH,bH,cH s G/H, which is to say that d'(aH,bH) satisfies the 
triangle inequality. By construction, 

(3.83) d'(aH,cH) <d(ah u ch 2 ) 
for every h\,h 2 £ H, and hence 

(3.84) d'(aH,cH) < d(ah u b) + d(b,ch 2 ), 

by the triangle inequality. Using (3.80), we can take the infimum of (3.84) over 
hi, h 2 £ H to get (3.82), as desired. Thus d'(aH,bH) defines a metric on G/H, 
and it is easy to see that the topology on G/H corresponding to d'(a H,b H) is 
the same as the quotient topology. More precisely, q maps the open ball in G 
centered at a point a with radius r > with respect to d{x, y) onto the open 
ball in G/H centered at aH with radius r with respect to d'(aH, bH). 

If d(x, y) is also invariant under left translations on G, then it is easy to see 
that d'(a H,b H) is invariant under the induced action of left translations on 
G/H, so that 

(3.85) d'(gaH,gbH)=d'(aH,bH) 
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for every a, &, g G G. In particular, if there is a countable local base for the 
topology of G at e, and if H is compact, then there is a metric d(x,y) that is 
invariant under left translations by elements of G, as well as invariant under 
right translations by elements of H, and which determines the same topology 
on G, as in Sections 3.2 and 3.6. 

The action of G on G/H by left translations corresponds to a mapping from 
(g,aH) G G x (G/H) to gaH G G/H. It is easy to see that this mapping is 
continuous, using the quotient topology on G/H, and the associated product 
topology on G x (G/H). If H is a normal subgroup of G, then G/H is a group 
in a natural way, and the quotient mapping q is a homomorphism from G onto 
G/H. One can check that G/H is a topological group with respect to the 
quotient topology under these conditions. 

3.9 Invariant measures 

Let G be a locally compact topological group, and let H be a closed subgroup 
of G, as in the previous section. Also let f(x) be a continuous real or complex- 
valued function on G with compact support. Thus f x (h) — f(xh) may be 
considered as a continuous function of h G H with compact support for each 
x G G. More precisely, 

(3.86) supp f x C (a;" 1 supp /) n H 

for each x G G. If A is a compact subset of G, then A^ 1 supp / is also a compact 
set, and 

(3.87) supp /a, C (A^ 1 supp/) n H 
for each iei 

Note that H is a locally compact topological group with respect to the 
topology induced by the one on G. Let fn(x) be the integral of f x (h) = f(x h) 
as a function of h G H with respect to a left-invariant Haar measure on H . It is 
not difficult to check that fn(x) is continuous in x, using the uniform continuity 
of / along compact sets, as in Section 3.3. This also uses the fact that if U G G 
is an open set such that x G U and U is compact, then U supp / is a compact 
set and 

(3.88) supp fy C (IT 1 supp /) n H 

for every y G U, as in (3.87). 

If a G H , then the integral of f xa (h) = f(xah) = f x (ah) as a function of 
h G H with respect to left-invariant Haar measure on H is equal to the integral 
of ,f x (h) = f(xh) as a function of h. This implies that 

(3.89) f H (xa) = f H (x) 

for every x G G and a G H, so that Jh(x) is constant on left cosets of if in G. 
Equivalently, there is a function on G/i? such that 
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where q is the quotient mapping from G onto G/H, as in the previous section. It 
is easy to see that Jh is continuous with respect to thejasual quotient topology 
on G/H, because Jh is continuous on G. In addition, has compact support 
contained in g(supp/), because / has compact support. 

If H is a normal subgroup in G, then G/H is a locally compact topological 
group as well, as in the previous section. This permits us to integrate fn with 
respect to a left-invariant Haar measure on G/H. One can check that this 
defines a nonnegative linear functional on C com (G) which is invariant under left 
translations, since left translations of / on G correspond to left translations of 
fu on G/H. Thus a left-invariant Haar integral on G may be obtained from 
left-invariant Haar integrals on H and G/H. 

Now let H be a compact subgroup of G that is not necessarily normal. Thus 
q^ 1 (q(A)) = AH is compact for every compact set A C G in this case. If 
E C G/H is compact, then E can be covered by finitely many open sets of the 
form q(U), where U is an open set in G such that U is compact. This implies 
that q' 1 (E) is compact in G, because it is a closed set which is contained in 
the union of finitely many compact sets, by the preceding remark. If / is a 
continuous real or complex- valued function on G with compact support, then it 
follows that / o q is a continuous function on G with compact support. 

Let Hl be a left-invariant Haar measure on G. It is easy to see that 

(3.91) f f(q(x))dH L (x) 

Jg 

defines a nonnegative linear functional on C com (G/H) which is invariant under 
the action of G on G/H by left translations. Equivalently, 

(3.92) H L (q-\E)) 

defines a nonnegative Borel measure on G/H which is invariant under the action 
of left translations and has other nice properties. 

As another type of situation, suppose that H is a discrete subgroup of G, 
in the sense that the topology on H induced by the one on G is the discrete 
topology. This means that {e} is a relatively open set in H, and hence that 
there is an open set U C G such that U R H = {e}. Let U\ C G be another 
open set such that e 6 U\, U^ 1 = Ui, and U\ U\ C U. If x,y £ H and x^y, 
then it is easy to see that 

(3.93) {xUi)r\{yU 1 ) = $ and (Z7i x) R (£/i y) = 0. 

If a is any element of G, then it follows that a U\ and U\ a can each contain at 
most one element of H . In particular, this implies that H is a closed subgroup 
of G under these conditions, because it has no limit points in G. Using the 
second part of (3.93), we get that 

(3.94) (a Ui x) n (a U x y) = 

for every a e G and x,y 6 H with x ^ y, which implies that the restriction of 
the quotient mapping q to a U\ is one-to-one. 
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In this case, one normally starts with a Borel measure [i on G that is invariant 
under right translations by elements of H, and tries to use it to get a measure on 
G/H that corresponds to \i locally under the quotient mapping q. Under suitable 
compactness or countability conditions, only finitely or countably many local 
patches are needed. Alternatively, if G and hence G/H are locally compact, then 
one can define a nonnegative linear functional on C com (G/H) using partitions 
of unity to reduce to the case of functions supported in a local patch. 



3.10 Semimetrics 

Let X be a set. A semimetric or pseudometric on A is a nonnegative real- valued 
function d(x, y) defined for x, y € A such that d(x, x) = for every x G A, 

(3.95) d(x,y) = d(y,x) 
for every x,y € A, and 

(3.96) d(x, z) < d(x, y) + d(y, z) 

for every x,y,z e A. Thus a semimetric is the same as a metric, but without 
the requirement that d(x, y) = only when x = y. 

Similarly, a seminorm or pseudonorm on a real or complex vector space V 
is a nonnegative real-valued function N(v) on V such that 

(3.97) N(tv) = \t\N(v) 

for every v and t 6 R or C, as appropriate, and 

(3.98) N(v + w) < N(v) + N(w) 

for every v, w £ V. Thus X(0) = 0, by (3.97) with t = 0, and a seminorm N(v) 
is a norm when N(v) > for each v ^ V with u ^ 0. If N(v) is a seminorm on 
V, then 

(3.99) d(v, w) = N(v - w) 

defines a semimetric on V. 

Let / be a nonempty set, and suppose that for each j e /, dj(x, y) is a semi- 
metric on a set A. Let us say that {dj(x, y)}jei is a nice family of semimetrics 
on A if for each x, y 6 A with x ^ y there is an j 6 / such that <ij(x, y) > 0. 
In this case, put 

(3.100) Bj(x,r) = {xeX : dj(x,y) < r} 

for each x £ A and r > 0, which is the open ball in A centered at x with radius 
r associated to di(-, ■). A set U C A is said to be an open set with respect to 
the family of semimetrics {dj(x, y)}jei if f° r each x e U there are finitely many 
indices j\ , . . . , j n e / and positive real numbers r\ , . . . , r n such that 
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It is easy to see that this defines a topology on X, which reduces to the usual 
topology determined by a metric when / has only one element. 

One can also check that Bj(x, r) is an open set with respect to this topology 
for every x G X, r > 0, and j G I, using the triangle inequality. If x, y G X and 
x ^ y, then dj(x, y) > for some j G I, and 

(3.102) Bi(x, dj(x, y)/2) n B^y, d t {x, y)/2) - 0, 

using the triangle inequality again. Thus the topology on X associated to a nice 
family of semimetrics is Hausdorff, and one can show that it is regular as well, 
in much the same way as for metric spaces. Similarly, it is easy to see that 

(3.103) f p j(x) = dj(x,p) 

is a continuous real- valued function on X with respect to the topology associated 
to this family of semimetrics for each p G X and j & I, which implies that X is 
completely regular. 

Conversely, if X is any topological space, and if / is a continuous real or 
complex- valued function on X, then 

(3-104) p f (x,y) = \f(x)-f(y)\ 

defines a scmimctric on X . If a collection of continuous real or complex- valued 
functions on X separate points, then the corresponding collection of semimetrics 
is a nice family of semimetrics on X. If X is completely regular, then there is a 
nice family of semimetrics on X corresponding to continuous real or complex- 
valued functions on X that determines the same topology on X. 

Let {dj(x, y)}j£i be a nice family of semimetrics on a set X. If / has only 
finitely many elements, then it is easy to see that 

(3.105) d(x, y) = max dj (x, y) 

i€/ 

is a metric on X that determines the same topology. Suppose now that I is 
countably infinite, which we can take to be the set Z + of positive integers. Put 

(3.106) d'j(x,y) = min(dj(a;,y), 1/j) 

for each j G Z + and x, y G X, which is also a semimetric on X. Under these 
conditions, one can check that 

(3.107) d(x,y) = max d'Ax,y) 

is a metric on X that determines the same topology. 

If G is a topological group, then a well-known theorem implies that there is a 
nice family of left-invariant semimetrics on G that determine the same topology. 
Of course, one could also get a nice family of right-invariant semimetrics that 
determine the same topology. If G is compact, then one can get a nice family 
of right and left-invariant semimetrics on G that determines the same topology, 
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as in Section 3.6. If H is a closed subgroup of G, then one can get semimetrics 
on G/H from semimetrics on G that are invariant under right translations by 
elements of H, as in Section 3.8. 

Let V be a vector space over the real or complex numbers. If V is equipped 
with a topology for which the vector space operations are continuous and {0} 
is a closed set, then V is said to be a topological vector space. In particular, 
a topological vector space is a commutative topological group with respect to 
addition. Let I be a nonempty set, and suppose that Nj(v) is a seminorm on V 
for each j G I. Let us say that {Nj(v)}j e i is a nice family of seminorms on V 
if for each v G V with u ^ there is a j £ J such that Nj(v) > 0. Equivalently, 
this means that the corresponding collection of semimetrics 



is a nice family of semimetrics on V. One can check that V is a topological vector 
space with respect to the topology corresponding to this family of semimetrics, 
and more precisely that V is locally convex, in the sense that there is a base for 
the topology of V consisting of convex open sets. Conversely, it is well known 
that for every locally convex topological vector space V there is a nice family of 
seminorms on V that determines the same topology. 

3.11 Connectedness 

If X is any topological space and x, y G X, then put x ~ y when there is a 
connected set E C X such that x,y G E. It is well known and not difficult 
to check that this defines an equivalence relation on X. More precisely, this 
relation is obviously reflexive and symmetric, and it is transitive because the 
union of two connected sets E 1 ,E 2 C X is also connected when Ei(^E 2 ^ 0. One 
can also check that the equivalence classes in X associated to this equivalence 
relation are connected subsets of X, known as the connected components of 
X. These are the maximal connected subsets of X, and they are automatically 
closed subsets of X, because the closure of a connected set is connected. 

Let G be a topological group, and let x ~ y be the equivalence relation 
defined on G as in the previous paragraph. Using continuity of translations, it 
is easy to see that x ~ y implies that ax ~ ay and xb ~ yb for every a, b G G. 
Similarly, x ~ y implies x^ 1 ~ because of continuity of the mapping 

x i-> a; -1 . It follows from these properties that the connected component H of 
G containing e is a normal subgroup of G. Note that H is closed, as in the 
previous paragraph. 

Suppose now that H is any closed connected subgroup of a topological group 
G. Let E be a connected subset of G/H, and let us check that q^ 1 (E) is a 
connected subset of G, where q is the usual quotient mapping from G onto 
G/H. Otherwise, there are nonempty sets A, B C G which are separated in the 
sense that 
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and for which A U B = If x H G G/H, then = x H as a 

subset of G, which is connected because H is connected. If xH G then 
x H C q^ 1 (E) = AlJ B, so that 

(3.110) iif=((a:ff)nA)U((sff)n5), 

where (a; i/) fl A and (xH)<lB are separated, because A and £? are separated. It 
follows that (x H) n A = or {x H) C\ B = %, since x H is connected, and hence 
x H is contained in either A or Thus A = q^ 1 (q(A)) and B = q -1 (q(B)) , and 
and q(-B) are nonempty disjoint subsets of G/H such that q(A)Uq(B) = 0. 
It is not difficult to check that the closure q(A) of q(A) in G/H is equal to 
q(A) under these conditions, using the fact that A = q^ 1 (q(A)). Similarly, 
q(B) = q(B), so that q(A) and q(B) are separated in G/H, since A and B are 
separated in G. This shows that E is not connected in G/H when q~ 1 (E) is 
not connected in G, which is the same as saying that q^ 1 (E) is connected when 
E is connected, as desired. 

Let H be the connected component of G containing e, which is a closed 
normal subgroup of G, as before. Note that x H is the connected component 
of G containing x for every x G G. If i? is a connected subset of G/H, then 
q^ 1 (E) is a connected subset of G, as in the previous paragraph. If E contains 
at least two elements, then q~ 1 (E) contains the union of two distinct cosets of 
H, contradicting the fact that the cosets of H are the connected components of 
G. This shows that G/H is totally disconnected with respect to the quotient 
topology, which means that it does not contain any connected subsets with more 
than one element. 



3.12 Homeomorphism groups 

Let X be a topological space, and let C(X, X) be the space of continuous 
mappings from X into itself. This is actually a semigroup with respect to 
composition of mappings, with the identity mapping \Ax on X as the identity 
element in the semigroup. The group 'H(X) of all homcomorphisms on X is 
the same as the group of invertible elements in C(X, X) as a semigroup. Let us 
suppose from now on in this section that X is compact, and that the topology 
on X is determined by a metric d(x, y). 

In this case, the supremum metric on C{X,X) may be defined as usual by 

(3.111) p(f,g) = sup d(f(x),g(x)) 

xex 

for each /, g G C(X, X). If h is any continuous mapping from X into itself, then 

(3.112) p(f oh,goh) = sup d(f(h(x)), g(h(x))) < p(f, g) 



for every f,g<E C(X, X). If we also have that h(X) = X, then we get that 
(3.113) p(foh,goh)=p(f,g) 
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for every f,gE C(X, X). In particular, the supremum metric is invariant under 
right translations on 'H(X). 

Let us check that 
(3.H4) (f,9)^fog 

is continuous as a mapping from C(X, X) x C(X, X) into C(X,X), using the 
topology on C(X, X) determined by the supremum metric, and the associated 
product topology on C(X, X) x C(X, X). Roughly speaking, to say that this 
mapping is continuous at a particular point (fo, go) in C(X, X) xC(X, X) means 
that if / € C(X, X) is close to fo and g G C(X,X) is close to go with respect 
to the supremum metric, then / o g is close to fo ° go- Of course, 

(3.H5) p(f o g , f o g ) < p(f°g,fo°g) + p(fo°g,fo°go) 

< p{f,fo) + p{fo°g,fo°go), 

using (3.112) in the second step. Note that fo is uniformly continuous on X, 
because X is compact. This implies that fo ° g is close to fo o g with respect 
to the supremum metric when g is sufficiently close to go, and hence that fog 
is close to fo o go when / is also sufficiently close to fo, as desired. 

This shows that C(X, X) is a topological semigroup with respect to the 
topology determined by the supremum metric, and we would like to verify that 
%(X) is a topological group. Let us begin by observing that 

(3.116) p(f- 1 ,id x )=p(f,idx) 

for every / G %(X). This follows from (3.113), by taking g = idx and h = 
Hence the mapping / n> / _1 is continuous at id^ on H(X), and it remains to 
check that this mapping is continuous at any f G H(X). This could be derived 
from continuity of / i— > / at idx and continuity of translations on 7~t(X), but 
it is instructive to give a more explicit argument. Applying (3.116) to f^ 1 o /, 
we get that 

(3.H7) pif- 1 o f ,idx) = p(f ~ 1 o f,id x ) 

for every / e %{X). We also have that 

(3.118) pif-'Jo' 1 ) = Pir 1 o fo, U 1 o fo) = Pir 1 o fo,id x ), 
as in (3.113), so that 

(3.H9) p(f-\fo 1 ) = p(fo~ 1 °fMx) 

for every / G H(X). If / is sufficiently close to fo with respect to the supremum 
metric, then f^of is close to .f ( 7 1 o/o = idx, because fo is uniformly continuous 
on X. This implies that J" 1 is close to f ~ , by (3.119), as desired. 

Suppose that Y is another metric space which is separable, so that there is a 
dense set in Y with only finitely or countably many elements. It is well known 
that C(X, Y) is also separable with respect to the corresponding supremum 
metric under these conditions. This uses the fact that continuous mappings from 
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X into Y are uniformly continuous, because X is compact. The compactness of 
X also implies that X can be covered by finitely many balls of arbitrarily small 
radius, so that two continuous mappings from X into itself are uniformly close 
to each other when they are close on suitable finite subsets of X, by uniform 
continuity. One can then use the separability of Y to get that only countably 
many mappings are needed to approximate a given mapping from X into Y on 
a finite set. In particular, C(X,X) is separable with respect to the supremum 
metric, because compact metric spaces are separable. Any subset of a separable 
metric space is also separable with respect to the induced metric, which implies 
that H(X) is separable as well under these conditions. 

Note that X is complete as a metric space, in the sense that every Cauchy 
sequence in X converges to an element of X, because X is compact. It is well 
known that C(X, X) is complete with respect to the supremum metric too. 
However, H(X) is not normally a closed set in C(X, X), and thus H(X) is not 
normally complete with respect to the supremum metric. The problem is that 
a sequence of homeomorphisms on X may converge uniformly to a continuous 
mapping that is not injective. 

One way to deal with this is to simply use 

(3.120) P(f,g) + P(r\g- 1 ) 

as the metric on H(X), which would determine the same topology on TL(X). Of 
course, a sequence {fj}JL\ of homeomorphisms on X is a Cauchy sequence with 
respect to (3.120) if and only if {fj}JL\ and {f^j^Li are Cauchy sequences 
with respect to the supremum metric. In this case, the completeness of C{X, X) 
implies that {fj}JLi converges uniformly to a continuous mapping / : X — > X, 

and that {f^~ 1 }jl 1 converges to a continuous mapping / : X — > X. Because 

(3.121) /, of. : /, : .6 i'l v 

for each j, we can use continuity of composition of mappings on C(X,X) to 
pass to the limit as j — > oo, to get that 

(3.122) /o/ = /o/ = idx. 

This implies that / is a homeomorphism of X onto itself, with / _1 = /, and 
hence that {fj}jjL\ converges to / with respect to (3.120) under these conditions, 
as desired. 

Alternatively, one can embed %{X) into C(X, X) x C(X, X) using the map- 
ping / i— > (/, / _1 ). The argument in the previous paragraph shows that the 
image of H(X) under this mapping is a closed set in C(X, X) x C(X, X) 
with respect to the product topology corresponding to the supremum metric 
on C(X,X). The completeness of C(X,X) implies that C(X,X) x C(X,X) is 
also complete with respect to an appropriate product metric, so that H(X) is 
complete with respect to the restriction of such a product metric to the image 
ofH(X)inC(X,X)xC(X,X). 
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3.13 Non-compact spaces 

Let (X,d(x,y)) be a metric space which is not compact. If K is a nonempty 
compact subset of X and /, g are continuous mappings from X into itself, then 

(3.123) p K (f,g) = sup d(f(x),g(x)) 

xeK 

is finite, because f{K) and g{K) are compact subsets of X. It is easy to see 
that this defines a semimetric on C(X, X), and that the collection of these 
semimetrics determines a topology on C(X, X) which is Hausdorff, as in Section 
3.10. If ft, is any continuous mapping from X into itself, then 

(3.124) PK(f°h,goh) = p h{K) (f,g) 

for every nonempty compact set K C X and /, g e C(X, X). Of course, h(K) is 
also compact under these conditions, and it follows that / i— > foh is a continuous 
mapping from C(X, X) into itself with respect to the topology just defined. 

Suppose from now on in this section that X is locally compact. We would like 
to check that (f,g) >-> fog is continuous as a mapping from C(X, X) x C(X, X) 
into C(X, X), using the product topology on C(X, X) x C(X, X) associated to 
the topology on C(X, X) described in the previous paragraph. Let f , go in 
C(X, X) be given, and let us show that / og is close to /o ° <?o in C(X, X) when 
/, g € C(X, X) arc sufficiently close to f , go, respectively. More precisely, if 
K is any nonempty compact subset of X, then we want to show that / o g is 
uniformly close to / o g on K when /, g are sufficiently close to fo, go in 
C{X,X). As before, 

(3.125) p K (f o g,f ° go) < Pk(J ° g, fo ° .<?) + Pxifo ° 9, fo ° 9o) 

= Pg(K){f, fo) + Px(fo ° 9, fo ° 9o), 

using (3.124) in the second step. Of course, go{K) is compact in X, because K 
is compact and go is continuous. Using the local compactness of X, one can get 
a compact set L C X that contains go{K) in its interior. Let us now restrict 
our attention to g 6 C(X, X) that are sufficiently close to go on K so that 

(3.126) g(K) C L, 
and hence 

(3.127) p K (/ o g, fo o g ) < p L (f, fo) + p K (fo °g,fo° go), 

by (3.125). Note that fo is uniformly continuous on L, because fo is continuous 
and L is compact. In order for / o g to be close to fo ° go on K, it suffices that 
/ be sufficiently close to fo on L, and that g be sufficiently close to go on K, 
where the latter should include (3.126) in particular. 

Let us restrict our attention to homeomorphisms on X, and consider the 
continuity properties of / n> / _1 on H(X). If AT is a nonempty compact set in 
X and / is a homeomorphism on X, then 



(3.128) p K (f-\id x ) = Pf-i^if' 1 o/.id* of) - Pf - 1{K) (id x ,f). 
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If is contained in a fixed compact set LCI, then it follows that / _1 

is as close as we want to idx on K when / is sufficiently close to idx on L. 
Otherwise, in order to get the continuity of / h-> / _1 on H(X), one can simply 
use the topology on TL(X) determined by the collection of supremum scminorms 
pK{f,g) and pk (/~\ ff -1 ) associated to all nonempty compact subsets K of X. 
It is easy to see that (/, #) >-> / ° S would still be continuous as a mapping from 
H(X) xT-L(X) into T-L(X) with respect to this topology, because of the discussion 
in the previous paragraph, and the fact that (/ o g)^ 1 = g^ 1 o 

If X = R" for some positive integer n, for instance, with the standard metric 
and topology, then one can avoid this problem. To see this, let B r be the closed 
ball in R™ centered at and with radius r for each nonnegative real number 
r. If / is a homeomorphism on R" which is sufficiently close to the identity 
mapping on B r+ i for some r > 0, then well-known results in topology imply 
that 

(3.129) B r C f(B r+1 ), 
and hence 

(3.130) r\B r ) C B r+1 . 

This permits one to avoid the problem indicated in the previous paragraph, 
to get that / i-> / _1 is continuous as a mapping from ?i(R") into itself at 
idRn, with respect to the topology on %(R") determined by the supremum 
semimetrics px(f, <?)• One can then argue as before that / M> / _1 is continuous 
at every point in H(R n ), with respect to the same topology. 

Note that the sequence of semimetrics pB r {f, g) with r E Z + determines the 
same topology on C(R", R") as the collection of semimetrics px(f, g) associated 
to arbitrary nonempty compact subsets K of R™ , because every compact set 
K C R n is contained in B r for sufficiently large r. This implies that this 
topology on C(R", R") can be described by a single metric, as in Section 3.10. 

Similarly, suppose that the locally compact metric space X is also cr-compact, 
which means that X = \Jfl 1 Ki for some sequence K\ , K 2 , K 3 , . . . of nonempty 
compact sets. We may as well ask that K\ C Ki + \ for each I, since we can 
replace Ki with Uj=i Kj ^ necessary. Because X is locally compact, one can 
also enlarge the K{s a bit, so that K\ is contained in the interior of Ki + i for 
each I. In particular, this implies that the union of the interiors of the K{s is 
equal to X. If K is any compact set in X, then it follows that K is contained 
in the union of the interiors of Ki for finitely many /, and hence that K C Ki 
when I is sufficiently large. 

As before, this implies that the sequence of semimetrics px t (/, g) with I € Z + 
determines the same topology on C(X,X) as the collection of all semimetrics 
Pk {f, g) associated to arbitary nonempty compact subsets K of X under these 
conditions. In the same way, the countable family of semimetrics of the form 
Pk, {f, g) and pk, (Z -1 , g~ V ) with I G Z + determines the same topology on H(X) 
as the collection of all semimetrics of the form px{f,g) and pxif^ 1 ^^ 1 ) for 
some nonempty compact set K C X. Hence these topologies on C(X,X) and 
'H(X) can each be described by a single metric, as in Section 3.10. 
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It is natural to embed H(X) into C(X, X) xC(X, X) using the mapping / n> 
(/, as in the preceding section, whether or not X is er-compact. As usual, 

C(X, X) x C(X, X) may be equipped with the product topology corresponding 
to the topology on C(X, X) determined by the collection of semimetrics px(f, g) 
associated to nonempty compact subsets K of X. By construction, the topology 
on %{X) determined by the collection of semimetrics pk{J, g) and Ar:(/ _1 , <7 _1 ) 
associated to nonempty compact subsets K of X corresponds exactly to the one 
induced on the image of "H(X) in C(X, X) x C(X, X) by the product topology 
just mentioned. Note that the image of H(X) in C(X, X) x C(X, X) is a closed 
set with respect to the product topology, for basically the same reasons as before. 

If X is cr-compact again, then it is easy to see that X is separable, because 
compact metric spaces are separable. This implies that the space C(K,X) of 
continuous mappings from a compact metric space K into X is separable with 
respect to the supremum metric, as in the previous section. In particular, this 
can be applied to compact sets K C X, using the restriction of the metric on 
X to K. If X is locally compact and a-compact, then one can use this to show 
that C(X, X) is separable with respect to the usual topology. This implies that 
C(X, X) xC(X, X) is separable with respect to the product topology, and hence 
that T-L(X) is separable with respect to the topology determined by the usual 
collection of semimetrics of the form pK(f,g) and <7 -1 )- 

3.14 Groups of isometries 

Let (X, d(x, y)) be a metric space again, and let I(X, X) be the set of mappings 
/ : X — > X which are isometries, so that 



for every x, y £ X. This is a sub-semigroup of the semigroup C(X, X) of all 
continuous mappings from X into itself, which includes the identity mapping idx 
on X. Similarly, the collection X(X) of isometric mappings from X onto itself 
is the same as the group of invertible elements in X(X, X), and is a subgroup of 
the group H{X) of all homeomorphisms from X onto itself. 



Suppose for the moment that X is compact, and let p(f, g) be the supremum 
metric on C(X,X). If h £ X(X,X), then 



for every f,g £ C(X,X), and in particular the restriction of the supremum 
metric to X(X) is invariant under left as well as right translations. Thus 



(3.131) 



d(f(x),f(y)) = d(x,y) 



(3.132) 



p(h°f,h°g) = p(f,g) 



(3.133) 



P(f'°g',f°g) < P(f'°g',f°g') + P(f°g',f°g) 
< p(f',f) + p(g,g') 



for every /, g, /', g' £ X(X, X), which implies the continuity of (f,g) i— )• / o g as 
a mapping from I(X, X) x X(X, X) into I(X, X) in a simpler way than before. 
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Similarly, if /, g e I(X), then 

(3.134) pCTSiT 1 ) = p(/o/- 1 ,/o ff - 1 ) = p(idx,/o ff - 1 ) 

= P(idx o .g, (/ o .g- 1 ) o g) = p(g, /), 

which implies that / n> / _1 is an isometry on 1(A) with respect to p(f,g)- 

Note the set C S (X, X) of continuous mappings from X onto itself is a closed 
set in C(X, X) with respect to the supremum metric when X is compact. One 
way to see this is to observe first that C S (X, X) is the same as the set of 
continuous mappings f : X —} X such that f(X) is dense in X, because f(X) 
is compact and hence closed in X. It is easy to check that the set of continuous 
mappings / : X — > X such that /(A) is dense in X is closed in C(X,X), 
directly from the definitions. Alternatively, suppose that {fj}j^Li is a sequence of 
continuous mappings from X onto itself that converges uniformly to a mapping 
/ from X into itself. Let y & X be given, and for each positive integer j, let 
Xj be an element of X such that fj(xj) = y. Because X is compact and hence 
sequentially compact, there is a subsequence {a^,}^ of {xj}jL 1 that converges 
to an clement x of X. This implies that {fj l {xj,)}i2. 1 converges to f(x) in X, 
since {fj l }^L 1 converges to / uniformly on X. It follows that f(x) = y, as 
desired, because fj l (xj t ) = y for each I by construction. 

It is easy to see that I(A, X) is also a closed set in C(X, X) with respect to 
the supremum metric. The usual Arzela-Ascoli arguments imply that I(X, X) 
is actually a compact set in C{X, X) with respect to the supremum metric when 
X is compact, since isometric mappings on X are obviously equicontinuous. It 
follows that 1{X) = 1{X,X) n C S (A, A) is a compact set in C(X,X) too, 
because C S (X, X) is a closed set in C(X,X), as in the preceding paragraph. 
Alternatively, one can show that X(A) = I(X, X) when X is compact. 

Now let (X, d(x, y)) be a non-compact metric space, and let C(X, X) be 
equipped with the topology determined by the collection of semimetrics pk(/, g) 
associated to nonempty compact subsets K of X, as in the previous section. It is 
easy to sec that X(X, A) is a closed set in C(X, X) with respect to this topology, 
or even with respect to the topology of pointwise convergence of mappings from 
X into itself. However, Z(A) may be a proper subset of I{X, X) when X is not 
compact, and the set C S {X, X) of continuous mappings from X onto X may 
not be a closed set in C(X, X). If X is an infinite set equipped with the discrete 
metric, for instance, then 1(A) consists of all of the one-to-one mappings from 
X onto itself, while I{X, X) consists of all one-to-one mappings from X into 
itself. In this case, one can check that I(X, X) is the closure of X(A) in C(A, X), 
and in particular that T(X) is not a closed set in C(X, X). Similarly, the set 
of mappings from X onto itself is dense in C(X, X) in this situation, and in 
particular is not closed. If A is a complete metric space and / is an isometric 
mapping of A into itself, then observe that /(A) is a closed set in A, because 
/(A) is also complete with respect to the restriction of d(x, y) to x, y € /(A). 

If / G I(A, A) and A is a nonempty bounded subset of A, then f(K) is 
also a bounded set in A, and hence the semimetric pi<(f,g) can be defined 
on X(X, A) as in (3.123). The collection of semimetrics PK(f,g) associated to 
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nonempty bounded subsets K of A also defines a topology on Z(A, A), as in 
Section 3.10. One can get the same topology on 1(X, X) using the semimetrics 
associated to the sequence of balls in X centered at some fixed point and with 
radius equal to a positive integer, which implies that this topology is metriz- 
able, as in Section 3.10. Of course, compact subsets of X are automatically 
bounded, so that this topology is at least as strong as the one determined by 
the semimetrics pic{f,g) associated to nonempty compact sets K C X. 

As in (3.124), 
(3-135) p K (f oh,goh) = p h (K){f,g) 

for every f,g,h G 1(X, X) and nonempty bounded set K C X. In this case, we 
also have that 

(3-136) p K (ho f,ho g) = p K (f,g), 

so that the semimetrics pk(J, g) are invariant under left translations on I(A, X). 
If fo, go,f,g G %(X, X) and K is a nonempty bounded subset of X, then 

(3.137) pK{fog,f °go) < PK(f°g,fog )+p K (fog ,f og ) 

< PK(g,go)+ Pg (K)(f,fo)- 

As before, this can be used to show that (/, g) M> fog is continuous as a 
mapping from Z(A, A) x X(X, X) into I(A, A), with respect to the topology 
on Z(A, A) determined by the semimetrics PK(f,g) on I(X,X) associated to 
nonempty bounded sets K C X. 

Similarly, if /, / G I(X) and K is a nonempty bounded subset of A, then 

(3.138) p K {f-\g- 1 ) = PK(f°.r\fog- 1 )=p K (id K ,fog- 1 ) 

= Pg-i(K)(id X °g,(f = Pg-HK){g,f)- 

Using this, it is easy to see that / >->• / _1 is continuous as a mapping from T(X) 
to itself, with respect to the topology determined by the semimetrics Pk(-, •) 
associated to nonempty bounded sets K C X. More precisely, this implies that 
/ i — ^ / is continuous at every point g € I{X) 1 and hence is continuous as a 
mapping from 1(A) into itself. 

It is not difficult to check that the collection of / G I(X, A) such that /(A) 
is dense in A is a closed set in X(A, A) with respect to the topology on I(A, A) 
determined by the semimetrics pk{', •) associated to nonempty bounded subsets 
K of A. Equivalently, if / G I(X, A) can be approximated in this topology by 
g G I(X, A) such that g(X) is dense in A, then /(A) is dense in A too. Indeed, 
let y G A be given, and suppose that we are looking for x G A such that f(x) 
is close to y. Let p be any element of A, so that we should look for x G A such 
that d(p,x) is close to d(f(p),y). Suppose that g G T(X,X) has the properties 
that g(X) is dense in A, and that g is uniformly close to / on the ball B in 
A centered at p with radius d(f(p), y) + 1, say. If x G A and g(x) is close to 
y, then d(p, x) — d(g(p),g(x)) is close to d(g(p),y), which is less than or equal 
to d(f(p),y) + d(f(p),g(p)). In particular, if d(f(p),g(p)) < 1, then there are 
points x G B such that g(x) is as close to y as we want. If g is also uniformly 
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close to / on B, then we get points x G B such that f(x) is arbitrarily close 
to y, as desired. If X is complete, then f(X) is a closed set in X for every 
/ 6 1(X,X), as before. This implies that X(X) is a closed set in I(X,X) with 
respect to this topology when X is complete. 

Suppose now that all closed and bounded subsets of X are compact. This 
is equivalent to asking that closed balls in X be compact, which implies that 
X is locally compact, cr-compact, and complete. In this case, the topology 
on I(X,X) determined by the collection of semimetrics Pk(/,9) associated to 
nonempty compact subsets K of X is the same as the topology determined 
by the collection of semimetrics pj((f,g) associated to nonempty bounded sets 
K C X. We have already seen that 1(X,X) is a closed set in C(X,X) with 
respect to the topology determined by the semimetrics pic(f,g) associated to 
nonempty compact sets K C X, and it follows that I(X) is also a closed set in 
C(X, X) with respect to this topology, by the remarks in the previous paragraph. 

If p G X and A is a closed set in X, then 

(3.139) E(p, A) = {/ G 1(X, X) : f(p) G A} 

is a closed set in C(X, X). If A is compact, then one can check that E(jp, A) is a 
compact set in C(X, X), by the usual Arzela-Ascoli arguments. More precisely, 
let {fj}j^i be a sequence of elements of E(p,A), and let K be a nonempty 
compact set in X. It is easy to sec that there is a compact set K\ C X depending 
on K, p, and A such that f(K) C K\ for every / G E(p, A), using the hypothesis 
that closed and bounded subsets of X are compact. Because isometric mappings 
are obviously equicontinuous, it follows that there is a subsequence {fj,}f?. 1 of 
that converges uniformly on if to a mapping / : K — > X . Applying 
this to the sequence of closed balls in X centered at p with positive integer 
radius, and then using a diagonalization argument, one can get a subsequence of 
{fj}JLi that converges uniformly on each such ball, and hence on every compact 
set in X. This implies that E(p,A) is sequentially compact in C(X,X), and 
thus that E(p, A) is compact in C(X, X), because C(X, X) is mctrizable under 
these conditions. Alternatively, for each nonempty compact set K C X, one 
can show that the set of restrictions of / G E(p, A) to K is totally bounded 
in C(K, X) with respect to the supremum metric. This implies that E(p, A) is 
totally bounded with respect to a metric on C(X, X) that determines the same 
topology, and for which C(X,X) is complete as a metric space. 

It follows that 1(X, X) is locally compact with respect to this topology under 
these conditions, which implies that I{X) is locally compact too, since it is a 
closed set in 1(X, X). 
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Commutative groups 



4.1 Homomorphisms into R 

Let A and B be commutative topological groups, in which the group operations 
are expressed additively. As usual, a mapping <f> : A — > B is said to be a 
continuous homomorphism if <j> is both a homomorphism from A into B as 
commutative groups and a continuous mapping from A into B as topological 
spaces. The collection of all continuous homomorphisms from A into B will be 
denoted Hom( J 4, B), which is easily seen to be a commutative group with respect 
to pointwise addition. Note that the kernel of a continuous homomorphism is a 
closed subgroup of the domain. 

Let us now restrict our attention to the case where B is the additive group 
of real numbers, with the standard topology. Observe that the only compact 
subgroup of R is the trivial subgroup {0}. If <f> is a continuous homomorphism 
from a compact topological group A into R, then <p(A) is a compact subgroup 
of R, and hence (f)(a) = for every a £ A 

Suppose that is a continuous homomorphism from R into itself. It is easy 
to see that 

(4.1) <j){rx) = r(f)(x) 

for every x £ R and positive integer r, because rx is the same as the sum of 
r x's. Of course, (f>(0) = and <p(—y) = —<t>{y) for every y £ R, so that (4.1) 
holds for every x £ R and every integer r. If z £ R, n is a positive integer, 
and nz = 0, then z = 0, which implies that each y 6 R is uniquely determined 
by ny for any positive integer n. Using this, one can check that (4.1) holds for 
every x £ R and rational number r. It follows that (4.1) holds for all x,r £ R, 
because 4> is continuous, and the set Q of rational numbers is dense in R. Hence 

(4.2) 0(r)=r0(l) 
for every r £ R. 

If A\, A<2, • . • , An are finitely many commutative topological groups, then 
their Cartesian product A = A x x A 2 x • • • x A n is also a commutative topological 
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group, with respect to the product group structure and topology. If B is another 
commutative topological group and <pj : A 3 ■ — > B is a continuous homomorphism 
for each j = 1, 2, . . . ,n, then 

(4.3) <j>{a) = 4>i (ai) + <j) 2 (a 2 ) + ■■■ + <j> n {a n ) 

is a continuous homomorphism from A into B. Conversely, it is easy to see that 
every continuous homomorphism from A into B is of this form. In particular, 
we can apply this to Aj = R for each j, so that A = R™ as a topological group 
with respect to addition and the standard topology. If we also take B — R,then 
we get that the continuous homomorphisms from R™ into R are exactly the 
usual linear functionals on R n . 

Let I be an infinite set, and suppose that Aj is a commutative topological 
group for each j G /. As before, it is easy to see that the Cartesian product A = 
Yljei A? 1S a ^ so a commutative topological group, with respect to the product 
group structure and topology. Let us denote elements of A by x = {xj}j e i, so 
that xj G Aj for each j G /. If <j>i is a continuous homomorphism from Ai into 
a commutative topological group B for some I G /, then 

(4.4) Mx) = 4n(xi) 

is a continuous homomorphism from A into B, which is the same as the canonical 
coordinate mapping from A onto Ai composed with <j>i. Of course, the sum of 
finitely many homomorphisms of this type is a continuous homomorphism from 
A into B as well. 

Suppose that there is an open set W C B such that G W and {0} is the 
only subgroup of B contained in W . If B = R with the standard topology, for 
instance, then we can take W to be any open interval in R containing 0. Let <fr 
be a continuous homomorphism from A into B, so that <j)' 1 (W) is an open set 
in A that contains 0. Because of the way that the product topology is defined 
on A, there are open sets Uj C Aj for each j G I such that G Aj for each j, 

(4.5) HUjCrHW), 

jei 

and Uj = Aj for all but finitely many j. If we put Aj = Aj when Uj = Aj 
and A'j = {0} otherwise, then A' = Ylj eI A'j is a subgroup of A contained in 
4>^ 1 (W), so that 4>{A) is a subgroup of B contained in W. This implies that 
4>(x) = for every x G A', and hence that <p(x) depends only on Xj for the 
finitely many j G I such that Uj ^ Aj . It follows that <j> can be expressed as a 
finite sum of homomorphisms of the form (4.4) under these conditions. 

Let V be a topological vector space over the real numbers. As in Section 
3.10, this means that V is a vector space over the real numbers equipped with 
a topology for which the vector space operations are continuous and {0} is a 
closed set. In particular, V is a commmutative topological group with respect to 
addition. Suppose that A is a continuous homomorphism from V as a topological 
group into R. This implies that 



(4.6) 



(t> v {t) = \{tv) 
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is a continuous homomorphism from R into itself for each v G V. As in (4.2), 

(4.7) &,(*)= 
for each teR, which means that 

(4.8) A(iu)=*A(u) 

for every u G V and t £ R. Thus continuous homomorphisms from V as a 
topological group into R are the same as continuous linear functionals on V as 
a topological vector space. 



4.2 Homomorphisms into T 

Let A be a commutative topological group, in which the group operations are 
expressed additively. Remember that the unit circle T in the complex plane 
is a compact commutative topological group with respect to multiplication of 
complex numbers and the topology induced by the standard topology on C. A 
continuous homomorphism from A into T is said to be a character on A, and the 
collection Hom(j4, T) of characters on A is known as the dual group associated 
to A. This is a commutative group with respect to pointwise multiplication of 
characters, as in the previous section, which may be denoted A. 

The set C\{0} of nonzero complex numbers is a commutative topological 
group with respect to multiplication and the topology induced by the standard 
topology on C. There is a natural isomorphism between C\{0} and the product 
of the unit circle T and the multiplicative group R + of positive real numbers, 
which sends a nonzero complex number z to 

(4.9) (± \z\) GTxR + . 

More precisely, this is an isomorphism between C\{0} and RxR + as topological 
groups, which means that it is both a group isomorphism and a homeomorphism. 
It follows that a continuous homomorphism from a commutative topological 
group A into C\{0} is the same as product of continuous homomorphisms from 
A into T and R + . The exponential mapping defines an isomorphism from the 
additive group R of real numbers onto the multiplicative group R + of positive 
real numbers as topological groups, so that a continuous homomorphism from A 
into R + is the same as the exponential of a continuous homomorphism from A 
into R. If A is compact, then every continuous homomorphism from A into R 
or equivalently R + is trivial, and hence every continuous homomorphism from 
A into C\{0} actually maps A into T. This is basically the same as saying that 
every compact subgroup of C\{0} is contained in T. 

Note that e t (x) = exp(itx) defines a continuous homomorphism from R 
into T for each t £ R, which is surjective when i ^ 0. If <p is a continuous 
homomorphism from a commutative topological group A into R, then it follows 
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that (fi t (a) = cxp(z t <fi(a)) is a continuous homomorphism from A into T for each 
t £ R. These homomorphisms are all trivial when A is compact. 

If tfi is any continuous mapping from R into T such that tp(0) = 1, then it 
is well known that there is a unique continuous mapping <fi from R into itself 
such that (fi(0) — 1 and 

(4.10) ip(x) = exp(i (fi(x)) 

for every x £ R. This uses the fact that exp(i r) is a local homeomorphism from 
R onto T. Suppose now that ifi is a continuous homomorphism from R into T, 
and let us show that (fi is a homomorphism from R into itself. Put 

(4.11) (fi y (x) = (fi(x + y)- (fi(y) 

for every x, y £ R, so that (fi y is a continuous mapping from R into itself such 
that (fi y (0) — and 

(4.12) cxp(i(f> y (x)) = ex.p(icfi(x + y)-i<f)(y)) 

= exp(i (fi{x + y)) (exp(i (fi(y)Jr 1 
= i>{x + y)i>{yy 1 = ifi{x) 

for every x,y £ R. Thus (fi y (x) satisfies the same conditions as <fi(x), which 
implies that (fi y {x) = (fi(x) for every x,y £ R, by uniqueness. Similarly, —<fi{—x) 
is a continuous mapping from R into itself which is equal to at and satisfies 

(4.13) exp(-i (fi(-x)) = (exp(i ^(-.t))" 1 = tpi-x^ 1 = ip(x) 

for every x £ R, so that — (fi{— x) = 4>{x) for every x £ R by uniqueness of (fi 
again. It follows that <fi is a continuous homomorphism from R into itself as a 
topological group, and hence there is a t £ R such that 

(4.14) (fi{x)=tx 

for every x £ R, as in the previous section. This shows that every continuous 
homomorphism from R into T is of the form et{x) = exp(itx) for some t £ R. 
Now let (fi be a continuous homomorphism from T into itself. Observe that 

(4.15) ifi{x) = (fi(exp(ix)) 

is a continuous homomorphism from R into T, because exp(i x) is a continuous 
homomorphism from R into T. As in the preceding paragraph, there is a t £ R 
such that 

(4.16) ip(x) — cxp(i t x) 

for every x £ R. If we take x — 2tt, then we get that ip(x) — 1, and hence 
that t is an integer. Of course, (f>(z) = z n is a continuous homomorphism from 
T into itself for each integer n, and this argument shows that every continuous 
homomorphism from T into itself is of this form. 

Let / be a nonempty set, and suppose that Aj is a commutative topological 
group for each j £ /, so that A = Ylj eI Aj is a commutative topological group 
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with respect to the product group structure and topology. If li, . . . , l n arc finitely 
many elements of / and <j>i k is a continuous homomorphism from A\ k into T for 
each k = 1, . . . , n, then 

(4-17) 4>{x) = (t> h {x h ) ■ ■ ■ 4>i n {xi n ) 

is a continuous homomorphism from A into T. Conversely, every continuous 
homomorphism from A into T is of this form, as in the previous section. More 
precisely, note that 

(4.18) " W = {z e T : Rez > 0} 

is an open set in T, 1 e W, and {1} is the only subgroup of T contained in W. 
This implies that every continuous homomorphism from A into T depends on 
only finitely many coordinates, as before. 

Let V be a topological vector space over the real numbers, and let <p be 
a continuous homomorphism from V as a topological group with respect to 
addition into T. This implies that 

(4.19) <t> v {r)=<t>{rv) 

is a continuous homomorphism as a function of r from R into T for each v e V. 
Thus there is a real number A(i>) such that 

(4.20) <f> v {r) = exp(ir \{v)) 

for each r 6 R, and which is uniquely determined by v. It is easy to see from 
the uniqueness of X(v) that X(t v) = t X(v) for every v € V and teR, and that 

(4.21) X(v + w) = X(v) + X(w) 

for every v, w £ V, because <f> is a homomorphism with respect to addition. This 
shows that A is a linear functional on V, and that 

(4.22) 4>(v) = exp(i X(v)) 

for every v G V, by taking r = 1 in (4.20). 

We would also like to show that A is continuous under these circumstances. 
Of course, it suffices to check that A is continuous at 0, because A is linear. 
It is easy to see that X(v) is close to modulo 2irZ when v is close to in 
V, because (p(v) is continuous and exp(ix) is a local homeomorphism from 
R onto T. In order to get that X(v) is close to when v is close to 0, it 
suffices to use neighborhoods of in V that are star-like about 0. Conversely, 
if A is a continuous linear functional on V, then (4.22) defines a continuous 
homomorphism from V as a topological group with respect to addition into T. 

4.3 Finite abelian groups 

Let n be a positive integer, and consider the group Z/nZ, which is the quotient 
of the group Z of integers with respect to addition by the subgroup n Z consisting 
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of integer multiples of n. Thus Z/tiZ is the cyclic group of order n, which may 
be considered as a compact commutative topological group with respect to the 
discrete topology. A homomorphism from Z/nZ into T is essentially the same 
as a homomorphism <f> from Z into T such that 4>{n) = 1, so that the kernel of 
<j) contains nZ. Any homomorphism <p from Z into T satisfies <p(j) — (t>(l) J for 
each j £ Z, and thus the condition cf>(n) — 1 reduces to 4>(l) n = 1. It follows 
that the dual group associated to Z/nZ is isomorphic to itself. 

Now let A be any finite abelian group, which may be considered as a compact 
commutative topological group with respect to the discrete topology again. It is 
well known that A is isomorphic to a product of cyclic groups, but let us look at 
A in terms of translation operators on functions on A. More precisely, let V be 
the vector space of complex-valued functions on A, which is a finite-dimensional 
vector space with respect to pointwise addition and scalar multiplication, with 
dimension equal to the number of elements of A. Put 

(4-23) {f,g) = Y,f{x)W) 

xeA 

for each /, g £ V, which defines an inner product on V, with the corresponding 
norm on V given by 

(4-24) H/ll = (j2\f( x )\ 2 ) 1/2 - 

xeA 

If a £ A and / G V, then let T a (f) be the function on A defined by 
(4.25) (T a (f))(x)=f(x + a) 



for each x £ V. Thus T a is a one-to-one linear mapping from V onto itself for 
each a £ A. It is easy to sec that 

(4-26) (T a {f),T a (g)) = (f,g) 

for every a G A and /, g G V, so that T a is a unitary mapping on V with respect 
to this inner product. 

If (j> is a homomorphism from A into T, then 



(4.27) {T a m{x) = 4>{x + a) = <j>{x) <f>(a) 

for every a,x G A, so that <f> is an eigenvector for T a for every o G A. Conversely, 
suppose that i\> G V is a nonzero eigenvector of T a for every a G A. This means 
that | \ip\ | > 0, and for each a £ A there is a complex number A (a) such that 

(4.28) T o (V0 = A(a)V. 
Because T a is unitary for each a £ A, we get that 



(4.29) 



W = ||T (^|| = ||A(a)^| = |A(a)|W 
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for every a G A, and hence that |A(a)| = 1 for each a G A. This implies that 
IVK 3 -)! is constant on A, and in particular that i/j(0) ^ 0. Thus 

(4.30) <j>(x) = ^(O^ 1 ip(x) 

is also an eigenvector of T a with eigenvalue A(a) for each a G A, with the 
additional normalization 0(0) = 1. The eigenvalue condition implies that 

(4.31) <j>{x + a) = {T a {cj>))(x) = A(a) 0(z) 

for every a, x G A, and hence that A(a) = 0(a) for every a £ A, by taking x = 0. 
It follows that is a homomorphism from A into T under these conditions. 

Suppose that and 0' are distinct homomorphisms from A into T, so that 
0(a) 7^ 4>'(a) for some o£ A Observe that 

(4.32) (0,0') = (T a (0),T a (0')) = <P(a)W(a) {<t>, <P'), 

because T is unitary. If (0, 0') ^ 0, then it follows that 0(a) 4>'(a) = 1, which 
would contradict the hypothesis that 0(a) ^ 0'(a), since 0'(a) = 1. Thus 
is orthogonal to 0', which implies that the number of distinct homomorphisms 
from A into T is less than or equal to the dimension of V, which is the number 
of elements of A. In fact, the number of distinct homomorphisms from A into T 
is equal to the number of elements of A, and they form an orthogonal basis for 
V . To sec this, remember that a unitary transformation on a finite-dimensional 
complex inner product space can be diagonalized in an orthogonal basis. This 
implies that for each a G A, V can be expressed as an orthogonal direct sum 
of eigenspaces for T a . We also have that T a o T^ = T^ o T a for every a, b G A, 
because A is abelian, which implies that 7& maps the eigenspaces of T a into 
themselves for each a, b G A. This permits one to get an orthogonal basis for 
V consisting of eigenvectors for T a for every a G A, which can be normalized to 
get homomorphisms from A into T as in the preceding paragraph. 

4.4 Discrete groups 

If <fi is a homomorphism from the group Z of integers with respect to addition 
into any group G, then 

(4.33) ' 4>{j) = 0(1)' 

for each j G Z. Thus <f> is uniquely determined by 0(1), and for each g G G 
there is a homomorphism <j> from Z into G such that g — 0(1). If G is an 
abelian group, then the collection of homomorphisms from Z into G is a group, 
and it follows that this group is isomorphic to G. In particular, the group of 
homomorphisms from Z into T is isomorphic to T. 

Let A be a nonempty set, and let T A be the collection of all functions on 
A with values in T, which is a commutative group with respect to pointwise 
multiplication. This is the same as the Cartesian product of copies of T indexed 
by A, which is a compact Hausdorff space with respect to the product topology 
associated to the standard topology on T. As usual, T A is a topological group. 
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Now let A be any abelian group, equipped with the discrete topology. It 
is easy to see that the group Hom(yl, T) of homomorphisms from A into T 
is a closed subgroup of T A . Thus Hom(^4, T) is compact with respect to the 
topology induced by the product topology on T A . 

Let E be a nonempty subset of A, and let T E be the group of functions on 
E with values in T, as before. There is a natural mapping tte from T A onto 
T E , which sends a T- valued function on A to its resriction to E, and which is 
clearly a continuous homomorphism. Thus tte maps Hom(A, T) onto a compact 
subgroup of T E . If E is a set of generators of A, so that every element of A 
can be expressed as a finite sum of elements of E and their inverses, then the 
restriction of tte to Hom(A, T) is a homeomorphism onto its image in T E . 

In particular, if A = Z, then we can take E = {1}, and identify T E with T. 
In this case, tte maps Hom(Z, T) onto T, and the restriction of tte to Hom(Z, T) 
corresponds exactly to the isomorphism between Hom(Z, T) and T mentioned 
earlier. The topology on Hom(Z, T) induced by the product topology on T z 
corresponds to the standard topology on T. Similarly, if A = Z™ for some 
positive integer n, then we can take E to be the set of n standard generators of 
Z n . This leads to an isomorphism between Hom(Z™, T) and T™, for which the 
standard topology on T™ corresponds to the topology on Hom(Z™, T) induced 
by the product topology on T^ Z "K 

Let A be any abelian group with the discrete topology again. Suppose that 
B is a subgroup of A, <f> is a homomorphism from B into T, and that x G A\B. 
We would like to extend to a homomorphism from the subgroup B{x) of A 
generated by B and x into T. As usual, j ■ x can be defined for every j S Z, 
as the sum of j x's when j G Z+, and so on. If j ■ x G" B for any j G Z+, then 
every element of B(x) has a unique representation as b + j ■ x for some b G B 
and j G Z, so that B{x) is isomorphic to B x Z. In this case, one can extend <j> 
to B(x) by putting <f>(b + j ■ x) = <p(b) for every b G B and j G Z. Otherwise, if 
j ■ x G B for some j G Z + , then we let n be the smallest positive integer with 
this property. Thus n ■ x G B, so that cf){n ■ x) is already defined, and we choose 
( G T such that ( n — <f)(n ■ x). In this case, we put 

(4.34) (j){b + j-x) = 4>{b) C 3 

for every b G B and j G Z, which one can check is a well-defined homomorphism 
from B{x) into T. This uses the fact that j ■ x G B for some j G Z if and only 
if j is an integer multiple of n. 

If ^4 is finitely generated, or generated by B and finitely many additional 
elements, then one can repeat the process to get an extension of <f> to a homo- 
morphism from A into T. Similarly, if A can be generated by B and countably 
many additional elements, then an increasing sequence of these extensions leads 
to an extension of to a homomorphism from A into T. Otherwise, one can 
use Zorn's lemma or the Hausdorff maximality principle to argue that there is 
a maximal extension of to a homomorphism from subgroup of A into T, and 
then use the preceding construction to show that a maximal extension is defined 
on all of A. 
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In particular, if a is any nonzero element of A, then one can take B to be the 
subgroup of A generated by a, and it is easy to see that there is a homomorphism 
from B into T such that 0(a) ^ 1. The previous discussion then leads to an 
extension of to a homomorphism from A into T. 

4.5 Compact groups 

Let A be a compact abelian topological group. Remember that {1} is the only 
subgroup of T contained in the set W of z e T with Re z > 0, for instance. If 
is a continuous homomorphism from A into T such that Re 0(a) > for every 
a e A, then 0(a) is a subgroup of T contained in W, and hence 0(a) = 1 for 
every a e A. In particular, this holds when 

(4.35) |0(o) -1|<1 

for every a e A. Suppose that 0i, 02 are continuous homomorphisms from A 
into T such that 

(4.36) |</»i(a) - 02(a) | < 1 

for every a e A. Applying the previous argument to 0(a) — 0i(a) 02(a) -1 , we 
get that 0i (a) = 02(a) for every a 6 A. Because of this, it is natural to consider 
the group Hom(j4, T) of continuous homomorphisms from A into T as being 
equipped with the discrete topology in this case. 

Let H be Haar measure on A, which we normalize so that H(A) — 1, and 
let be a continuous homomorphism from A into T. Observe that 

(4.37) / <f>(x)dH(x)= [ cf)(x + a)dH(x)=<t>(a) [ cp(x)dH(x) 

J A J A J A 

for every a E A. If 0(a) ^ 1 for some a e A, then it follows that 

(4.38) / 0(x) dH{x) = 0. 

J A 

Suppose that 0i, 02 are distinct continuous homomorphisms from A into T, 
so that 0i (a) ^ 02(a) for some a e A. Applying the previous argument to 
0(x) = 0i (x) 02 (x)^ 1 = 0i (x) 02 (x), we get that 

(4.39) / 0i (a;) 02 (x) dH{x) = 0. 

J A 

This shows that distinct characters on A are orthogonal with respect to the 
standard L 2 integral inner product 

(4.40) (/,<?> = Jj{x)^(x)dH{x). 

The normalization H(A) = 1 implies that characters on A have L 2 norm equal 
to 1, so that they are actually orthonormal in L 2 (A). 
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Let C(A) be the space of continuous complex- valued functions on A, and 
let £ be the linear subspace of C(A) consisting of finite linear combinations of 
characters on A. Note that this contains constant functions on A, since the 
constant function equal to 1 on A is a character. If / £ £, then f £ £, because 
the complex conjugate of a character on A is also a character. Similarly, if 
/, g € £, then / g G £, because the product of two characters on A is a character 
as well. If £ separates points in A, then the Stone- Weierstrass theorem implies 
that £ is dense in C(A) with respect to the supremum norm. Of course, £ 
separates points in A if and only if the set of characters on A separates points. 
In this case, it follows that the characters on A form an orthonormal basis for 
L 2 (A), since C(A) is dense in L 2 (A). 

If A is a finite abelian group, then C (A) is spanned by the characters on A, 
as in Section 4.3. If A = T with the standard topology, then the characters on 
A are given by z n> z n for n £ Z, which obviously separate points on T. Let 
J be a nonempty set, let Ai be a compact abelian topological group for each 
i E I, and suppose that characters on Ai separate points for each i E I. Under 
these conditions, A = Y\ ieI Ai is a compact abelian group with respect to the 
product topology and group structure, and it is easy to see that characters on 
A separate points too. 

Let A be any compact abelian topological group again, and let Eq be a 
subgroup of the group of characters on A. Also let £o be the linear subspace of 
C (A) spanned by Eq , which is a subalgebra of C (A) that contains the constant 
functions and is invariant under complex conjugation, as before. If Eq separates 
points in A, then £q separates points in A, and hence £q is dense in C(A) with 
respect to the supremum norm, by the Stone-Weierstrass theorem. If <fr is a 
character on A not in Eq, then (j> is orthogonal to the elements of £o in L 2 (A), 
as in (4.39). This shows that every character on A is an element of E when Eq 
separates points in A. 

Suppose that A is a closed subgroup of a compact abelian topological group 
B, and that characters on B separate points. If E is the set of characters on 
A that are restrictions of characters on B to A, then Eo separates points in A, 
and hence every character on A is in Eq. 

Suppose now that A is an abelian group with the discrete topology, and let 
A be the group of characters on A. As in the preceding section, A may be 
considered as a closed subgroup of T A with respect to the product topology, 
and thus as a compact abelian topological group. If a € A and <j> E A, then put 

(4.41) tt o (0) = 0(a), 

so that ^ a defines a continuous homomorphism from A into T for each a E A. 
If (pi and (f>2 are distinct elements of A, then (j)i(a) ^ </> 2 (a) for some a E A, 
which means that the collection of ^a's with a E A separates points on A. It 
is easy to see that the collection of ^a's with a E A forms a subgroup of the 
group of characters on A, and in fact a i-> ^> a defines a homomorphism from A 
into the group of characters on A. The discussion in the previous paragraphs 
implies that every continuous homomorphism from A into T is of the form ^> a 
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for some a G A. li a E A and a ^ 0, then we saw in the preceding section that 
4>{a) 7^ for some <\> G A. This shows that a i-> f „ is an isomorphism from ^4 
onto the group of characters on A in this case. 

4.6 Locally compact groups 

Let X be a locally compact Hausdorff topological space, and let C(X) be the 
space of continuous complex-valued functions on X. If / G C(X) and if is a 
nonempty compact subset of X, then put 

(4-42) ll/U* = sup \f(x)\. 

xeK 

It is easy to see that this defines a scminorm on C(X), known as the supremum 
seminorm associated to K. The collection of these seminorms determines a 
topology on C(X) which makes C(X) into a topological vector space, as in 
Section 3.10. Of course, if X is compact, then this is the same as the topology 
on C(X) determined by the supremum norm. 

Suppose that X is cr-compact, so that there is a sequence K\, K 2 , K 3 , . . . 
of compact subsets of X whose union is equal to X. We may as well suppose 
that Ki 7^ and Ki C Ki + \ for each I, by replacing Ki with the union of 
K\,.. . ,Ki if necessary. Because X is locally compact, every compact set in X 
is contained in the interior of another compact set. Using this, one can modify 
the Kis again to get that Ki is contained in the interior of Ki + \ for each I. 
In particular, this implies that X is equal to the union of the interiors of the 
Kis. If K C X is compact, then it follows K is contained in the union of the 
interiors of finitely many Ki's, and hence K C Ki for some I. This implies that 
the topology on C(X) determined by the supremum seminorms associated to 
nonempty compact subsets of X is the same as the topology determined by the 
supremum seminorms associated to the Ki's under these conditions. 

Now let A be a locally compact abelian topological group, and let A = 
Hom(A, T) be the dual group of continuous homomorphisms from A into T. 
Thus A C C(A), and we consider the topology on A induced by the topology on 
C(A) determined by the supremum seminorms associated to nonempty compact 
subsets of A, as in the previous paragraphs. If A is discrete, then the compact 
subsets of A are the same as the finite subsets of A, and this topology on A is 
the same as the one induced by the product topology on T A as in Section 4.4. 
If A is compact, then this topology on C(A) is the same as the one determined 
by the supremum norm, and the induced topology on A is discrete, as in the 
preceding section. If A is er-compact, then this topology on C(A) is metrizable, 
by the remarks in the previous paragraph, and hence the induced topology on 
A is metrizable as well. If A = R as a group with respect to addition and 
equipped with the standard topology, then we have seen in Section 4.2 that 
every continuous homomorphism from R into T is of the form et(x) = exp(itx) 
for some t G R. Thus t ^ e t defines a group isomorphism from R onto R, and 
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it is easy to see that this is also a homeomorphism with respect to the standard 
topology on R and the topology induced on R by the one on C(R) as before. 

Suppose that A and B are locally compact abelian topological groups, and 
consider A x B as a topological group with respect to the product topology 
and group structure. This is also a locally compact abelian group, and the 
corresponding dual group is isomorphic in a natural way to Ax B. One can also 
check that the topology on A x B induced by the usual topology on C( A x B) is 
the same as the product topology on Ax B associated to the topologies induced 
on A and B by those on C(A) and C(B), repsectively. This uses the fact that 
every compact subset of A x B is contained in H x K for some compact sets 
H C A and K C B. In particular, the dual of R" is isomorphic to itself as a 
topological group with the standard topology for each positive integer n. 

4.7 Equicontinuity 

Let A be a locally compact abelian topological group, and let A = Hom(A, T) 
be the corresponding dual group, with the topology induced by the usual one 
on C(A), as in the previous section. A set E C A is said to be equicontinuous 
if for each e > there is an open set U C A such that G U and 

(4.43) \<f>(x) - 1| < e 

for every <j> G E and x G U. Although this type of condition might normally 
be described as "equicontinuity of E at 0" , it implies equicontinuity of E at 
every point in A, because E C A. Similarly, the remarks in this section may be 
considered as special cases of standard arguments about collections of continuous 
functions on locally compact Hausdorff topological spaces, with simplifications 
resulting from the group structure and the restriction to characters on A. 

Suppose that E C A is compact, and let us check that E is equicontinuous. 
Let e > be given, and for each <j> G E, let U(<f>) be an open set in A such that 
e U(<(>) and 

(4.44) sup{\(j)(x)-l\:x£U(4>)}<e. 

Such an open set U{<j>) exists because </> is continuousn at 0, and we may also ask 
U{4>) to be compact, since A is locally compact. The latter condition implies 
the set W{4>) of ip G A that satisfy 

(4.45) sup{|V>(a;) - 1| : x G U(<j>)} < e 

is an open set in A. Of course, <j> G W((f>) by construction, so that the collection 
of W{4>) with <j> G E is an open covering of E in A. Thus there are finitely many 
elements <j>i, . . . , (j) n of E such that E C Uj=i W(0j)> because £7 is compact in 

A by hypothesis. If we put U — f]j=i U(4>j), then it follows that ?7 is an open 
set in A such that G U and 



(4.46) 



sup{|V'(a;) - l\ : x e U} < e 
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for every ip £ E, as desired. 

Conversely, if E C A is closed and equicontinuous, then E is compact. To 
see this, let T A be the set of all functions on A with values in T, as in Section 
4.4. As before, T A is a compact commutative topological group with respect to 
the product topology, which contains the group of all homomorphisms from A 
into T as a closed subgroup. In particular, there is a natural inclusion mapping 
of A into T A which is a continuous homomorphism, because finite subsets of 
A are compact. Suppose that ip is a homomorphism from A into T which is 
in the closure of E in T A with respect to the product topology. It is easy to 
see that ip is continous at 0, because E is equicontinuous. This implies that ip 
is continuous at every point in A, since ip is a homomorphism, and hence that 
ip G A. One can also use the equicontinuity of E to show that ip is in the closure 
of E with respect to the topology on A C C(A). More precisely, this means 
that ip can be approximated by elements of E uniformly on compact subsets of 
A, using the equicontinuity of E to reduce to approximations of ip by elements 
of E on finite subsets of A. This implies that E is a closed subset of T A with 
respect to the product topology, and hence that E is compact with respect to 
the product topology. In order to show that E is compact as a subset of A, it 
suffices to check that the topology induced on E by the one on A C C(A) is 
the same as the one induced on E by the product topology on T A . As before, 
this uses the equicontinuity of E, to show that (p, <f>' G E are uniformly close on 
a compact set K C A when <p> and <p' are sufficiently close on a suitable finite 
subset of K. 



4.8 Local compactness of A 

Let A be a locally compact abelian topological group again. It is easy to see 
that the dual group A = Hom(A, T) is also a topological group with respect to 
the usual topology induced by the one on C(A) as before. Let U be an open set 
in A such that s U and U is compact, and put 

(4.47) % = A: sup \(p{x) - 1| < lj. 

Thus -Bjj is an open set in A that contains the identity element of A, which is 
the character equal to 1 at every point in A. In order to show that A is locally 
compact too, it suffices to check that 



(4.48) 




|#r) - 1| < 1 



is compact in A. 

Of course, Bjj is a closed set in A, by construction. It remains to show that 
Bjj is equicontinuous, because of the discussion in the previous section. Put 
U = U for convenience, and let U\ be an open set in A such that E U\ and 



4.8. LOCAL COMPACTNESS OF A 



87 



Ui + Ui C Uq. Continuing in this way, for each positive integer I there is an open 
set Ui in A such that G Ui and Ui + Ui C If x G C/j, then 2 j x G £/j_j for 

j = Of course, (p(nx) — <p(x) n for every x & A, <fi £ A, and n G Z, so 

that 

(4.49) |<£(a;) 2 ' - 1| < 1 

for every x G C/j, <f> G B^, and j = 0, 1, . . . , I. It is easy to see that there is a 
sequence {n}^ of positive real numbers converging to such that 

(4.50) \<f>(x) - 1| < n 

for every x G t/j, G S^, and I > under these conditions. This implies that 
Bjj is equicontinuous, as desired. 

If A is compact, then we can take U = A in the previous discussion. In this 
case, Bjj and Bjj contain only the trivial character on A, which corresponds to 
the fact that A is discrete. Similarly, if A is discrete, then we can take U = {0}, 
so that Bjj — Bjj — A, which we have already seen is compact in this situation. 

Note that Bjj is a compact set in A for any open set U C A with G U, by 
the same arguments as before. The additional hypothesis that U be compact is 
only needed to get Bjj to be an open set in A. If U is an open subgroup in A, 
then U is also a closed set in A, and 

(4.51) Bjj = |^ G A : 4>(x) = 1 for every x G 

for the usual reasons. This shows that Bjj is a compact subgroup of A under 
these conditions. Similiarly, if K is any nonempty compact subset of A, then 

(4.52) B K = <U G A : sup \<j)(x) - 1| < ll 

I xeK J 

is an open subset of A that contains the identity element in A. If if is a compact 
subgroup of A, then it follows that 

(4.53) B K = {(/)£ A: <f>(x) = 1 for every x G K}, 

is an open subgroup of A. In particular, if K = U is a compact open subgroup 
of A, then Bk = Bjj is a compact open subgroup of A. 



Chapter 5 

The Fourier transform 



5.1 Integrable functions 

Throughout this chapter, we let A be a locally compact abelian topological 
group, and we let H be a translation-invariant Haar measure on A. If A is 
discrete, then it is customary to take H to be counting measure on A, instead 
of some other multiple of counting measure, and if A is compact, then we can 
normalize H so that H(A) = 1. The Fourier transform of a complex- valued 
integrable function / on A is the function / defined on the dual group A by 



for each <j> G A. If A is the unit circle T, for instance, then we have seen that A 
is isomorphic to the group Z with respect to addition, and (5.1) reduces to the 
usual definition (2.1) of the Fourier coefficients of /. As in (2.3), we have that 



for every <fi <E A. 

Let T a (f) be the integrable function on A defined for each oeiby 



(5.1) 




(5.2) 




(5.3) 



(T a (f))(x) = f(x + a). 



The Fourier transform of T a (f) is given by 



(5.4) 




= cj>(a) f f{x)cj){x)dH{x)=<j>(a)f{4>), 



J A 



88 



5.2. COMPLEX BOREL MEASURES 



89 



using the fact that is a homomorphism from A into T in the third step. 

If E is a Borel set in A, then — E = {—x : x 6 E} is also a Borel set in A, 
because x i-» —x is a homeomorphism from A onto itself. Let us check that 

(5.5) H{-E) = H(E). 

Because H{—E) is a translation-invariant measure on A that satisfies the same 
conditions as Haar measure, it is equal to a constant c > times H(E), and we 
would like to show that c = 1. If U is an open set in A such that € U and 
J7 is compact, then V = U H (— ?7) has the same properties, and also satisfies 
-V = V. Thus H(V) is positive, finite, and H(-V) = H(V), which implies 
that c = 1, as desired. 

Let / be an integrable function on A again, and consider 

(5.6) g(x) = Ji^x). 
The Fourier transform of g is given by 

(5.7) g(<f>) = f f(-x) tfx) dH(x) 

J A 

= [ f(-x)cj>(x)dH(x) 

J A 

= f f(x)<P(-x)dH(x) 

J A 

= Jj{x)W)dH{x)=J($) 

for every <fi e A. 

5.2 Complex Borel measures 

Let n be a regular complex Borel measure on A. The Fourier transform of fi is 
the function fl defined on the dual group A by 

(5.8) nW=J A W)d^(x) 
for every <f> G A. If 

(5.9) n(E)= f f(x)dH(x) 

J E 

for some integrable function / on A and every Borel set E C A, then fi = f. As 
before, this definition reduces to the previous one for the Fourier coefficients of 
a Borel measure on the unit circle when A — T. We also have that 



(5.10) 



\m\ < ma) 
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for each <j> G A, where \fj,\ is the total variation measure on A associated to /x. 

Suppose that K C A is nonempty and compact, and let fix be the Borcl 
measure on A defined by 

(5.11) (i K (E) = n(E n K) 

for each Borel set E C A. Thus 



4>{x) dfj,(x) 



K 



x) 



(5.12) fe(<P) 
for each cf> G 0. H <j>,ip & A, then 

(5.13) = 

< 



This implies that fAxi^) 1S continuous with respect to the topology induced on 
A by the usual one on C(A), defined by the supremum seminorms associated to 
nonempty compact subsets of A. More precisely, £lk{<I>) is uniformly continuous 
on A as a topological group, because (5.13) implies that 



/ (j>(x) dfi(x) — / ip(x) dfi(. 
Jk Jk 

S up|#r)-V(z)|) \l*\(K). 



(5.14) 



fa{<f>) - mm < ( sup \4>{x) i>{x)- x - 1|) \ii\{K) 



for every <j>, ip G A. 

To say that \x is a regular complex Borel measure on A means that is a 
regular Borcl measure on A. This implies that for every e > there is a compact 
set K C A such that 

(5.15) \fi\(A\K) < e. 



It follows that 



(5.16) 



\V-{4>) - m{.4>)\ = 



A\K 



4>{x) dfj,(x) 



<M(A\K)<e 



for every (j> G A, so that /x can be uniformly approximated on A by functions 
of the form fix, where K C A is compact. This shows that Ji is uniformly 
continuous on A, since it can be approximated uniformly on A by uniformly 
continuous functions. Of course, if A is compact, then A is discrete, and every 
function on A is uniformly continuous trivially. 



5.3 Vanishing at infinity 

Let / be an integrable function on A, and let T a (f) be defined for a G A as in 
(5.3) in Section 5.1. Thus the Fourier transform of T a (f) is equal to <fi(a) f(<j>), 
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as in (5.4), so that (0(a) — 1) /(</>) is the Fourier transform of T a (f) — /. In 
particular, 

(5.17) |0(a) - 1| |/(0)| < / 1/(3: + a) - f(x)\dH(x) 



for every a G A and G A. If / is a continuous function on A with compact 
support, then we have seen that / is uniformly continuous on A, and hence 

(5.18) / \f(x + a)-f(x)\dH(x)^0 

J A 

as a — > in A. This also holds for any integrable function / on A, since we can 
approximate / by continuous functions with compact support with respect to 
the L 1 norm. 

Let e > be given, and let U be an open set in A such that G U and 

(5.19) J\f(x + a)-f(x)\dH(x)<e 

for every a GU. Combining this with (5.17), we get that 

(5.20) - 1| |/(0)| < e 

for every a G U and 6 A. Let Bjj be as in (4.48) in Section 4.8, which is a 
compact subset of A. If € A\Bjj, then 

(5.21) |0(a) -1|>1 
for some a G.U, and (5.20) implies that 

(5.22) |/(0)| <e. 

This shows that / vanishes at infinity on A. If A is discrete, then A is compact, 
and every function on A has this property trivially. Of course, if A is discrete, 
then one can take U — {0}, and (5.19) is trivial too. 

Let us give another proof of this when A is compact, which is like the one 
for A = T in (2.11) in Section 2.1. If / G L 2 {A), then 

(5-23) 7(0) = (/,0> 

for every G A, using the standard integral inner product on L 2 (A). Because 
characters on A are orthonormal in L 2 (A), we get that /(0) is square-summable 
on A, with 

(5.24) El/WOI 2 ^ j A \f{*)\ 2 dH{x). 

4>eA 

In particular, /(0) vanishes at infinity on A when / G L 2 (A). If / is an integrable 
function on A, then we can get the same conclusion by approximating / by 
square-integrable functions on A with respect to the L 1 norm, using also (5.2). 
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5.4 Convolution of integrable functions 

Let /, g be nonnegative Borel measurable functions on A, and put 

(5.25) (/ * g){x) = j fix- V) 9(V) dH{y). 
Because of Fubini's theorem, we get that 

(5.26) / ' (f*g)(x)dH(x) = f f f(x-y)g(y)dH(y)dH(x) 

J A JAJA 

= 11 f(x-y)g(y)dH(x)dH(y) 

J A J A 

= 11 f(x)g(y)dH(x)dH(y) 

J A J A 

= (Jf(x)dH(xj)(Jg(y)dH(y)), 

using also translation-invariance of Haar measure in the third step. In particular, 
if / and g are integrable on A, then / * g is also integrable on A, and hence 
finite almost everywhere. 

More precisely, f(x — y) is a Borel measurable function on A x A when / 
is Borel measurable on A, because (x, y) >-> x — y is a continuous mapping 
from A x A into A. This implies that f(x — y) g{y) is also Borel measurable on 
A x A. As in Section 1.15, there are some additional technicalities related to 
the way that the product measure is defined on A x A. If there is a countable 
base for the topology of A, then every open covering of A can be reduced 
to a subcovering with only finitely or countable many elements. In this case, 
the local compactness of A implies that A is c-compact, and hence that Haar 
measure on A is cr-finite. This permits one to use the standard construction of 
the product measure on A x A. One also has a countable base for the topology 
of A x A, consisting of products of basic open subsets of A, so that open subsets 
of A x A can be expressed as countable unions of products of open subsets of 
A. This implies that open subsets of A x A are measurable with respect to the 
standard product measure construction, and hence that Borel subsets of A x A 
are measurable with respect to the product measure as well. Alternatively, the 
product measure can be defined as a Borel measure with suitable regularity 
properties. 

If / and g are integrable complex-valued functions on A, then one would 
like to define their convolution / * g in the same way. One can first apply the 
previous discussion to |/| and \g\, to get that 

(5.27) J\f{x-y)\\g{y)\dH{y)<oo 

for almost every x <E A with respect to H . This means that f(x — y) g(y) is 
an integrable function of y for almost every x 6 A, so that (5.25) is defined for 
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almost every x e A. Of course, 

(5.28) |(.f * 9 ){x)\ < [ \f(x - y)\ \g(y)\dH(y) 

J A 

when (/ * g)(x) is defined, and we can integrate this in x and interchange the 
order of integration as in (5.26) to get that 

(5.29) J \(f*g){x)\dH(x)<[J \f(x)\dH(x)) (J \g{y)\dH{yj). 

This shows that / * g is intcgrable on A when / and g are integrable. 
It is easy to see that 

(5.30) (/*<?)(*) = (<?*/)(*) 

when (5.27) holds, using the change of variables y n> x — y. Similarly, one can 
check that 

(5.31) (/ *g)*h = f *(g*h) 
for every f,g,h € ^(A). Let us show that 

(5.32) {f^9){4>) = 7{4>)9^) 

for every <f> G A when / and g are intcgrable functions on A. By the definition 
of the Fourier transform, 

(5.33) (fTg)(<f>) = f {f*g){x)W)dH{x) 

J A 

= I I I(x-y)g(y)W)dH(y)dH{x) 

J A J A 

= I I f{x-y)(j ) {x-y)g{y)W)dH{y)dH{x), 

J A J A 

using the fact that <j> is a character on A in the last step. Interchanging the 
order of integration as in (5.26), and using translation- invariance of the resulting 
integral in x, we get that this is equal to 

(5.34) (jj{x)W)dH{x)) (J g(y)mdH(yj)=f(4>)g(<t>), 
as desired. 



5.5 Convolution of other functions 

If / and g are continuous complex-valued functions with compact support on A, 
then (/ *g)(x) is defined for every x e A, and indeed it can be defined in terms 
of the Haar integral as a nonnegative linear functional on C com (A). One can 
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also check that / * g is a continuous function on A with compact support, using 
the fact that continuous functions on A are uniformly continuous on compact 
sets. As in Section 1.15, interchanging the order of integration of a continuous 
function on A x A with compact support can be seen in a more elementary 
way, which can be used to derive the same properties of / * g as in the previous 
section. Of course, integrable functions on A can be approximated by continuous 
functions on A with compact support with respect to the L 1 norm, which gives 
another way to look at the convolution of integrable functions on A. 

Suppose now that / E L P (A) and g E L q (A), where 1 < p,q < oo are 
conjugate exponents, so that l/p+ 1/q = 1. Holder's inequality implies that 

(5-35) J A \f{x-y)\\g{y)\dH{y) 

< ( f A \f(x V) \ p dH(y)) ( jf \g(yW) ^ 

= ( j A \f(y) r dH(yj) ^ ( jf \g{y)V dH{y)) ^ 

for every x € A, using the change of variables y n- x — y in the second step. 
Thus (/ * g)(x) can be defined as in (5.25) for every x E A, and we have that 

(5.36) \(f*g)(x)\ < ( J A \f{y)\vdH{y)) 1/P (Jw)\«dH{z)) 1/q 

for each x 6 A. One can also check that / * g is a continuous function on A 
that vanishes at infinity under these conditions, by approximating / and g by 
continuous functions with compact support. Note that (5.30) holds in this case 
as well, for the same reasons as before. 

Similarly, if / is an integrable function on A and g is a bounded measurable 
function on A, then 

(5-37) jT \f(x -y)\\g(y)\dH(y) < (J^\f(x-y)\dH(y))(wp\g(y)\) 

= (J A \f{y)\dH{y))(sjip\g(y)\) 

for every x E A. Thus (/ * g){x) can be defined as in (5.25) for every x E A 
again, and 

(5.38) \(f*9)(x)\ < (J \f(v)\dH(vj) (™p|ff(*)|) 

for each x E A. If / is a continuous function on A with compact support, then 
it is easy to see that / * g is continuous on A too, using uniform continuity, 
as usual. If / is an integrable function on A, then one can approximate / by 
continuous functions with compact support, to get that / * g is continuous on 
A. Note that / * g is constant when g is constant, so that / * g may not vanish 
at infinity when A is not compact. 
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Let / and g be continuous functions on A with compact support again, and 
suppose that H' is another Borel measure on A with the same properties as 
Haar measure. If / * g is still the convolution of / and g with respect to H , then 

(5.39) f (f*g)(x)dH'(x) = f [ f(x-y)g(y)dH(y)dH'(x) 
J a Jaja 

= [ [ f(x-y)g(y)dH'(x)dH(y) 

J A J A 

= [ [ f(x)g(y)dH'(x)dH(y) 

J A J A 

= [jj{x)dH'{x))[j A g{y)dH{y)) 
as in (5.26). Because f * g = g * f, the same argument shows that 

(5.40) f (f*g)(x)dH'(x) = f (g * f){x)dH'{x) 

J A J A 

= ( J g(x) dH'(xj) ( J f(y) dH(yj) , 

and hence 

(5.41) ( J f(x) dH'(x)) ( J g(y) dH{y)) 

g(x)dH'(x)) ( ( f(y)dH(y) 



for every /, g G C com (A) . If g is a nonnegative real- valued continuous function 
on A with compact support such that g(x) > for some x G A, then the integrals 
of g with respect to H and H' are both positive and finite. This implies that 
the integrals of / with respect to H and H' are the same up to multiplication 
by a positive constant, as desired. 



5.6 Convolution of measures 

Let /i and v be regular complex Borel measures on A, and let fi x v be the 
corresponding product regular Borel measure on A x A. As usual, this is all a 
bit simpler when there is a countable base for the topology of A, so that the 
standard construction of product measures can be used. Otherwise, one can get 
li x v from the corresponding bounded linear functional on Cq(A x A), as in 
Section 1.15. If E is a Borel set in A, then 

(5.42) E' = {(x,y) G A x A : x + y G E} 

is a Borel set in A x A, because (x,y) n- i + j/ is a continuous mapping from 
A x A into A. It is easy to see that 



(5.43) 



(0 *!/)(£) = (/iX !/)(£') 
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defines a complex Borel measure on A, known as the convolution of /i and v. 

Similarly, if is a complex-valued Borel measurable function on A, then 
(f)(x+y) is Borel measurable on Ax A, again because (x, y) i-> x+y is continuous. 
If <j) is also bounded on A, then it follows that 



More precisely, this is equivalent to (5.43) when </> is the indicator function 
associated to the Borel set E, and otherwise one can reduce to that case by 
approximating <p by simple functions. 

Alternatively, if A is compact, then one can use this to define the bounded 
linear functional on C(A) that corresponds to /j * v in terms of the bounded 
linear functionals on C(A) corresponding to /i and v. If A is not compact, then 
one can still try to define the bounded linear functional on Cq{A) corresponding 
to (i * v in this way, but <p(x + y) does not vanish at infinity on A x A when 
4>{x) ^ for some x G A, and so it is better to be able to integrate at least 
bounded continuous functions on A x A. If \i or v has compact support, then 
one can extend the corresponding linear functional on Cq (A) to C(A), and avoid 
this problem. In particular, if (i and v both have compact support, then one 
can get a linear functional on C(A x A) from the linear functionals on C(A) 
associated to \i and v. If \i and v do not have compact support, then there 
are still relatively simple approximation arguments for extending these linear 
functionals to bounded continuous functions. 

At any rate, an advantage to defining the convolution in terms of bounded 
linear functionals on Co (A) is that one automatically gets the regularity of the 
corresponding Borel measures. Otherwise, one can show directly that /i * v is 
regular when /i and v are regular, using the regularity of /j, x v on A x A. More 
precisely, one can begin by reducing to the case where fx and v are real- valued 
and nonnegative, using the Jordan decomposition. There is another trick, which 
is to first check that \i*v is inner regular, and then get outer regularity by taking 
complements. Let E be a Borel set in A, and suppose that H C A x A is a 
compact set such that H C E'. Note that 



is a compact set in A, because (x, y) x + y is continuous. By construction, 
H C K' C E 1 . If H approximates E 1 well with respect to jj, x v, then K 
approximates E well with respect to [i * v, as desired. 

Suppose that / and g are integrable functions on A, and that 



for all Borel sets E C A. Let us check that /i * v corresponds to / * g in the 
same way, so that 



(5.44) 




(5.45) 



K = {x + y : (x, y) e H } 



(5.46) 




(5.47) 
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for all Borel sets E C A. Equivalently, 

(5.48) f <j>d{ l i*v) = f cj>(x)(f*g)(x)dH(x) 

J A J A 

for every bounded complex-valued Borel measurable function cf) on A. To see 
this, observe that 

(5.49) / (t>(x)(f*g)(x)dH(x) = f f <f>(x) f(x - y) g(y) dH(y) dH(x) 

J A J A J A 

= 11 4>(x)f{x-y)g(y)dH{x)dH{y) 

J A J A 

= 11 ^x + y)f(x)g(y)dH(x)dH(y), 

J A J A 

using the definition of f*g in the first step, Fubini's theorem in the second step, 
and translation-invariance of Haar measure in the third step. This is the same 
as the right side of (5.44) in this case, as desired. 

It is easy to see that [i*v = i/*fj, for any complex Borel measures on A, using 
commutativity of addition. One can also show that convolution is associative, 
using associativity of addition and Fubini's theorem. More precisely, if E is a 
Borel set in A, then 

(5.50) E" = {(x, y,z) € Ax Ax A: x + y + zeE} 

is a Borel set in A x A x A, and the convolution of three measures can be described 
in terms of the measure of E" with respect to the correspondng product measure 
on A x A x A. Similarly, if is a bounded Borel measurable function on A, then 
the integral of <j> with respect to the convolution of three measures on A can 
be expressed in terms of a triple integral of <f)(x + y + z) on A x A x A. Using 
Fubini's theorem, one can check that the two different ways of convolving three 
measures give the same results. 

Remember that denotes the total variation measure corresponding to a 
complex Borel measure /j, on A, and that \\n\\ = \/J.\(A) defines a norm on the 
vector space of complex Borel measures on A. It is easy to see that 

(5.51) IImHI<IHIH 

for any two complex Borel measures /i and v on A. More precisely, one can 
check that 

(5.52) \^*u\(E)<(\n\*\v\)(E) 

for every Borel set EGA. One can also look at this in terms of (5.44). This 
extends the fact that the L 1 norm of the convolution of two integrable functions 
is less than or equal to the product of the L 1 norms of the two functions, as in 
(5.29) in Section 5.4. 

Let S a be the Dirac mass at the point a £ A, which is the measure defined 
on A by putting S a (E) equal to 1 when a £ E and equal to otherwise. Note 
that \\S a \\ = 1 for each a £ A, and that 



(5.53) 



Sq * [1 = fl * So = /! 
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for every complex Borel measure jj, on A. By construction, 



(5.54) 5 a (<j>) = 0(a) 

for every a G A and (f) E A. If fi and ^ are complex Borcl measures on A, then 

(5.55) (/j,* v)((p) = / <f>d(fj, * v) = / / 4>{x + y) dn(x) dv{y) 

J A J A J A 



= <t>{x) <t>{y) dfj,(x) dv(y) 

J A J A 

= ( JW)dn{x)) ( JW)My)) = m H<t>) 



for every 4> <E A, extending the analogous fact (5.32) for integrable functions. In 
particular, this is consistent with (5.53), because <5o(0) = 1 f° r every 4> £ A. 

5.7 Functions and measures 

If / is an integrable complex-valued function on A and v is a regular complex 
Borel measure on A, then we would like to define their convolution as a function 
on A by 

(5.56) {f*v){x) = ( f(x-y)du(y). 

J A 

Let us start with the case where / are v are real-valued and nonncgative, so 
that (5.56) makes sense as a nonnegative extended real number. Using Fubini's 
theorem and translation-invariance of Haar measure, we get that 

(5.57) ( {f*v){x)dH{x) = [ f f(x-y)dv{y)dH{x) 

J A JAJA 

= I I f{x-y)dH{x)d V (y) 

J A J A 



A J A 



f(x)dH(x)dv(y) 
= (J f{x)dH{xj)v{A). 



This shows that / * v is integrable on A with respect to Haar measure when / 
is a nonnegative integrable function on A and v is a finite nonnegative regular 
Borel measure on A. 

If / and v are complex- valued, then we can apply the previous argument to 
|/| and which implies in particular that 



(5.58) 



/ \f{x-y)\d\v\{y) < oo 

J A 
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for almost every x £ A with respect to Haar measure. Thus (/ * v) {x) may be 
dchncd as in (5.56) for almost every x e A with respect to iJ, and satisfies 

(5.59) l(/*^)(z)l < / \f{x-y)\d\v\{y). 

J A 

Integrating this as before, we get that 

(5.60) / \{f *v)(x)\dH(x) < [ f \f(x-y)\d\u\(y) 

J A JAJA 

\f(x)\dH(x)) \v\{A), 



so that / * v is also integrable with respect to H on A. If f(x) = for almost 
every x <E A with respect to H, then it follows that (/ * v){x) — almost 
everywhere on A with respect to H too. 

Let g be a complex- valued integrable function on A, and consider 

(5.61) v{E) = [ g(y)dH(y) 

JE 

as a complex Borel measure on A. In this case, / * v is the same as / * g. Now 
let v be a complex regular Borel measure on A again, and consider 

(5.62) n(E)= f f(x)dH(x) 

JE 

as another Borel measure on A. We would like to check that 

(5.63) (/x* v){E)= f (f*v){x)dH{x) 

J E 

for every Borel set E C A, or equivalently that 

(5.64) / <pd{ii*v)= ( <p{x) (/ * diJ(x) 



for every bounded complex-valued Borel measurable function <p on A. As in 
(5.49), we have that 

(5.65) f 4>(x)(f*v)(x)dH(x) =11 (Kx)f(x-y)dv(y)dH(x) 

J A JAJA 

<j)(x) f(x - y) dH(x) dv(y) 
(x + y)f(x) dH(x) dv(y), 



A J A 



A J A 



which is the same as the right side of (5.44) in this desired. 

If / £ C com (A), then it is easy to see that / * v is also continuous on A, 
using uniform continuity. If both / and v have compact support on A, then 
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f * v has compact support as well. Otherwise, the regularity of v implies that 
for each e > there is a compact set K C A such that \v\{A\K) < e, and one 
can use this to check that v * / e Co (A) when / G C com (A) . 

Let / be a nonnegative real-valued Borel measurable function on A again, 
and let v be a nonnegative real-valued regular Borel measure on A, so that 
(/ * v){x) is defined as a nonnegative extended real number for each x G A. If 
1 < p < oo, then we can use Jensen's or Holder's inequality to get that 

(5.66) {(f*v){x)Y<v{Ay-* [ f{x-yfdu{y) 

J A 

for every x G A. Thus 

(5.67) /((/*!/) (aO)*<iff(aO < W'/ [ f(x-y)*du(y)dH{x) 

J A JAJA 

= viAf- 1 [ f f{x-yydH{x)dv{y) 

J A J A 

= v(Ay(J f( x y>dH(x)), 

by Fubini's theorem and translation-invariance of Haar measure. If / € L P (A), 
then it follows that / * z/ G £ P (A) too, and in particular that / * i/(a:) < oo for 
almost every x £ A with respect to Haar measure. 

If / is a complex- valued function in L P (A), 1 < p < oo, and if ^ is a complex 
regular Borel measure on A, then we can apply the previous argument to |/| 
and \v\, to get that (|/| * MH^) < 00 f° r almost every x E A with respect to iJ. 
Thus (/ * v){x) can be defined for almost every x G A as before, and satisfies 
(5.59). The analogue of (5.67) for |/| and \v\ implies that / * v G £ P (A), with 

(5.68) ( j A \{f*v){x)\*dH(xj) 1,P < W\(A) ( J A \f(x)\*dH(x)) 1/P . 

If /(a;) = for almost every x E A with respect to H, then it follows that 
(/ * v)(x) = almost everywhere on A too, as in the p = 1 case. 

Let / be a bounded complex-valued Borel measurable function on A, and let 
zv be a complex regular Borel measure on A, as before. Under these conditions, 
(/ * v){x) is defined for every x G A, and satisfies 

(5.69) \{f*v)(x)\ < f \f(x-y)\d\u\(y) < (sup |/(a0|) \u\(A) 

for every x £ A. If / is bounded and continuous on A, and if v has compact 
support in A, then it is easy to see that / * v is also continuous on A, using the 
uniform continuity of / on compact subsets of A. Actually, if v has compact 
support in A, then / * v is defined and continuous on A for every continuous 
function / on A, by the same argument. If / is bounded and continuous on 
A and v docs not have compact support, then one can still check that / * v is 
continuous on A, using the regularity of v to approximate the relevant integrals 
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by ones over compact sets, as before. Similarly, if / G Co(A), then f*is£ Co(A) 
as well. If / is bounded and uniformly continuous on A, then / * v is uniformly 
continuous on A too, by the same type of argument. 

If <p G A, then (f> is bounded and continuous on A in particular, so that <p*v 
is defined as in the previous paragraph. In this case, we have that 



(5.70) 




for every x G A. 



Chapter 6 

Banach algebras 



6.1 Definitions and examples 

Let A be a vector space over the real or complex numbers, and suppose that 
there is a bilinear mapping that sends (x,y) G A x A to an element x y of A. 
This means that x M- x y is a linear mapping from A into itself for each y £ A, 
and that yH-ij/isa linear mapping from A into itself for each x S A. If this 
bilinear mapping satisfies the associative law 

(6.1) (xy)z = x(yz) 

for every x 7 y,z £ A, then A is said to be an algebra over R or C, as appropriate. 
If we also have that 

(6.2) xy — yx 

for every x, y € A, then A is said to be a commutative algebra. Suppose that A 
is an algebra over R or C which is equipped with a norm ||x|| such that 

(6-3) \\xy\\<\\x\\\\y\\ 

for every x, y £ A. It is easy to see that this implies that multiplication on A is 
continuous as a mapping from Ax A into A. If A is complete with respect to the 
metric associated to the norm, then A is said to be a Banach algebra. In many 
situations, there may be a nonzero element e of A which is the multiplicative 
identity element, which means that 

(6.4) ei = ie = i 

for every x 6 A. Note that e is unique when it exists, and that (6.3) and (6.4) 
imply that ||e|| > 1. It is customary to ask that ||e|| — 1 under these conditions. 

If X is a nonempty topological space, then the space Cb{X) of bounded 
continuous real or complex-valued functions on X is a commutative Banach 
algebra with respect to pointwise addition and multiplication of functions, and 
using the supremum norm. In particular, the constant function l x equal to 
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1 at every point in X is the multiplicative identity clement in Cb(X). If X is 
a locally compact Hausdorff topological space which is not compact, then the 
space Cq(X) of continuous real or complex- valued functions on X that vanish 
at infinity is a Banach algebra without a multiplicative identity element. Of 
course, if X is equipped with the discrete topology, then Cb(X) is the same as 
£°°(X), and C (X) is the same as c Q {X). 

Let V be a vector space over the real or complex numbers, and equipped with 
a norm \\v\\y. The space BC(V) = B£(V, V) of bounded linear mappings from 
V into itself is an algebra with composition of linear mappings as multiplication. 
As in (1.112) in Section 1.12, the operator norm ||T|| op on BC(V) corresponding 
to the norm \\v\\v on V satisfies (6.3). If V is complete with respect to \\v\\v, 
then BC(V) is complete with respect to the operator norm, as mentioned in 
Section 1.12, and hence BC(V) is a Banach algebra. The identity mapping 
I = Iy on V is the multiplicative identity element in B£(V), which is nonzero 
as long asV^ {0}, in which case \\I\\ p = 1- 

Let A be a locally compact commutative topological group, with a suitable 
choice of Haar measure. The space L 1 (A) of integrable complex- valued functions 
on A is a commutative Banach algebra, with convolution as multiplication. 
Similarly, the space of regular complex Borcl measures on A is a commutative 
Banach algebra with respect to convolution. The Fourier transform defines 
a homomorphism from ^(A) with convolution as multiplication into Cq(A), 
where A is the dual group of continuous homomorphisms from A into T, as 
usual. The Fourier transform also defines a homomorphism from the algebra of 
complex regular Borel measures on A with respect to convolution into Cb(A). 

6.2 Invertibility 

Let A be a real or complex algebra with a nonzero multiplicative identity element 
e. An element x of A is said to be invertible if there is an element x" 1 of A 
such that 

(6.5) i _1 i = n _1 = e. 

It is easy to see that x" 1 is unique when it exists, in which case x" 1 is also 
invertible, with (x -1 ) -1 = x. If x and y are invertible elements of A, then their 
product x y is invertible in A too, and the inverse is given by 

(6.6) (xy)- 1 ^y-'x- 1 . 

Thus the invertible elements of A form a group with respect to multiplication. 

If w G A is invertible and w commutes with z € A, so that w z = zw, then 
z commutes with w" 1 as well. In particular, if x and y are any two commuting 
elements of A whose product xy is invertible in A, then xy commutes with 
both x and y, and hence (xy)" 1 commutes with both x and y. Under these 
conditions, it follows that x and y are both invertible in A, with 



(6.7) 



x 1 = (x y) 1 y, y 1 = {xy) 1 x. 
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Note that this does not necessarily work when x and y do not commute. 

Suppose now that A is equipped with a norm || • || that satisfies (6.3) for 
every x, y € A. If x, y £ A are invertible, then 

(6.8) x^ 1 - y' 1 = x~ x yy~ x - x~ 1 xy~ 1 = x' 1 (y - x)y~ 1 , 

and hence 

(6-9) ||x- 1 -y- 1 ||<||x- 1 ||||.x- ? y|||| y - 1 ||. 
In particular, 

(6.io) ii^ll^ll^ili^-j/ilil^n + llx- 1 !!. 

If Hx^ 1 !! \\x-y\\ < 1, then 

(6.H) (l-llx^llllx-ylDb^H^llx- 1 !! 
implies that 

(6-12) Wy- 1 ]] < - „ llX ~J 

1 - \\x L \\ \\x - y\\ 

Combining this with (6.9), we get that 

i „.-n,/ Ik" 1 !! 2 Ik -2/11 



(6.13) Wx-'-y-'W < 



l-\\x-i\\\\x-y\\ 



when \\x 1 || \\x — y\\ < 1. If \\x 1 || \\x — y\\ < 1/2, for instance, then it follows 
that 

(6.14) \\x- 1 -y- 1 \\<2\\x- 1 f\\x-y\\. 

This shows that x i-> x^ 1 is a continuous mapping on the set of invertible 
elements of A with respect to the metric associated to the norm, so that the 
group of invertible elements of A is actually a topological group with respect to 
the topology induced by this metric. 

If a is any element of A and j is a positive integer, then we let a 3 be the 
product of j a's, as usual, so that a 1 = a and a 3 = aa 3 ^ 1 when j > 2. It is 
customary to put a° = e for every a E A when there is a nonzero multiplicative 
identity element e in A. Because of (6.3), we have that 



(6.15) \\a 3 \\ < \\a\ 



j 



for each j > 1, and we ask that ||e|| = 1, as in the previous section. This implies 
that X^Lo a ^ converges absolutely in A when ||a|| < 1, and hence that Yl'jLo a * 
converges in A when A is a Banach algebra. Note that 



oo oo oo 

5>' <£lk'll<£Nl j = 7zrn 



(6.16) 

' 3=0 ]=0 3=0 

under these conditions. A standard computation shows that 

n n 

(6.17) (e - a) ( £ a 3 ) = ( £ a?) (e - a) = e - a" +1 

3=0 3=0 
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for each nonnegative integer n, and of course a n+1 — > in A as n — > oo when 
\\a\\ < 1, by (6.15). Thus 

OO CX) 

(6.18) (e-a)(^</) = (£</)( e -a) = e, 

3=0 j=0 

so that e — a is invertible in A when ||a|| < 1 and A is a Banach algebra, with 
inverse equal to YlJLo °^ • If ^ i s an invertible element of A, and y E A satisfies 
\\ x ~ II II s ~ v\\ < 1) then we can apply the previous argument to a = (x — y), 
to get that e — x~ x (x — y) is invertible in A when „4 is a Banach algebra. This 
implies that 

(6.19) y = x — (x — y) = x (e — .t -1 (x — y j) 

is invertible in A under these conditions, so that the set of invertible elements 
of A is an open subset of A when A is a Banach algebra. 

6.3 Spectrum and spectral radius 

Let A be a Banach algebra over the real or complex numbers with a nonzero 
multiplicative identity element e. The spectrum of an element x of A is defined 
to be the set a(x) of A e R or C, as appropriate, such that x — Ae is not 
invertible in A. If |A| > ||x||, so that ||A -1 x\\ = |A| _1 ||x|| < 1, then e — A -1 x is 
invertible in A, as in the previous section, and hence A a(x). Equivalently, 

(6.20) |A| < \\x\\ 

for every A e a(x). We also know from the previous section that that the set of 
invertible elements of A is an open set, which implies that the set of A G R or 
C such that A ^ <r(x) is an open set, so that <r(x) is a closed set in R or C, as 
appropriate. 

If A is a complex Banach algebra, then a famous theorem states that <r(x) is 
nonempty for every x G A. To see this, suppose for the sake of a contradiction 
that x — Ae is invertible for every A e C. The main idea is that (x — Ae) -1 
should be holomorphic as a function of A on the complex plane with values in A. 
In particular, one can develop the theory of holomorphic functions with values 
in a complex Banach space, as well as other complex topological vector spaces. 
To avoid technicalities about holomorphic vector-valued functions, one can use 
bounded linear functionals on A to reduce to the case of ordinary complex- 
valued holomorphic functions. More precisely, one can show that (f>((x — Ae) -1 ) 
is a holomorphic complex-valued function of A on the complex plane for each 
bounded linear functional <f) on -A. Because 

(6.21) (x-Xe)- 1 = -\- 1 {e-\- 1 x)- 1 ^0 

as |A| -4- oo, we get that (f>((x — Ae) -1 ) — > as |A| — > for every bounded 
linear functional <j) on A. This implies that <j>{{x — Ae) -1 ) = for every A E C 
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and bounded linear functional <j> on A, by well-known theorems in complex 
analysis. Using the Hahn-Banach theorem, it follows that (x — A e) _1 = for 
every A E C, which is a contradiction, since the inverse of any invertible element 
of A is nonzero. 

Let A be a real or complex Banach algebra again. If a E A satisfies \\a l \\ < 1 
for some positive integer I, then e — a is invertible in A. One way to see this is 
to observe that J2jLo °? a ^ so converges in A in this situation, and that the sum 
is the inverse of e — a. Alternatively, one can use the previous argument to get 
that e — a 1 is invertible in A, and then apply (6.17) with n = I — 1 to obtain 

l-i 

(6.22) (e-a) (^V') =e-a'. 

j=o 

This implies that e — a is invertible, because e — a 1 is invertible and e — a 
commutes with X^=o °^ > as m tne preceding section. 
Let x be any element of A, and put 

r(x) = inf ll^ll 1 /', 

!>1 

where more precisely the infimum is taken over all positive integers I. If A is a 
real or complex number, as appropriate, such that |A| > r(x), then |A| > jx')) 1 /' 
for some positive integer /, and hence |A Z | > ||x z ||. Equivalcntly, ||(A _1 x)'|| < 1, 
which implies that e — A -1 x is invertible in A, as in the previous paragraph. 
Thus x — Ae is invertible when |A| > r(x), which means that 

(6.24) |A| < r(x) 

for every A G a(x). 

Another famous theorem states that 

(6.25) r(x) = sup{|A| : A e <y(x)} 

for every x E A when A is a complex Banach algebra. To see this, let p > be 
defined by 

(6.26) sup{|A| : A 6 a(x)} = l/p, 

so that p = +oo when a{x) — {0}. Thus x— A e is invertible in A when |A > l/p, 
which is the same as saying that e — A -1 x is invertible when |A _1 | < p. If we put 
( = A -1 , then we get that e — (x is invertible when ( E C satisfies < \(\ < p, 
and of course this holds trivially when ( = 0. 

As before, the main idea is to look at (e — ^x) _1 as a holomorphic A- valued 
function on the open disk where \(\ < p. In particular, we know from the 
previous section that (e — ^x) -1 is a continuous function on this open disk, 
which implies that it is bounded on the compact sub-disk where |C| < Pi for 
any pi < p. We also know that 

oo 

(6.27) (e-Cx)- 1 =^C J x J 



(6.23) 
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when |e| ||x|| < 1, which is the power series expansion for (e — C^)^ 1 as a function 
of £ at 0. If this were an ordinary complex- valued holomorphic function, then we 
could represent the coefficients of this power series expansion in terms of suitable 
integrals of the function on the circle where \C\ = pi- This type of result can 
be extended to vector-valued functions, or one can consider <j)((e — (x)^ 1 ) as 
a complex- valued holomorphic function of £ on the open disk where \Q < p 
for each bounded linear functional <f> on A. Either way, one can use integral 
expressions for the power series coefficients to show that for each pi < p there 
is a positive real number C{p\) such that 

(6.28) P {\W\\<C{ Pl ) 

for every positive integer j. This also uses the Hahn-Banach theorem, if one 
considers <fi((e — (x)^ 1 ) as a holomorphic function of £ for each bounded linear 
functional <f) on A. Equivalently, we get that 

(6.29) < PT 1 Cfa) 1 '* 
for each j > 1 and p\ € (0, p), which implies that 

(6.30) r(x) < pi 1 

for each p\ G (0,p), because C 1 ^ — > 1 as j — > oo for every C > 0. Taking 
pi -4- p, we get that 

(6.31) r{x)<p-\ 

which is exactly what we wanted, since the opposite inequality follows from 
(6.24). 

Note that Ha?"" || 1 ' " — > r(x) as n — > oo for every x £ A. This can be derived 
from the previous argument in the complex case, but we can also verify it more 
directly from the definitions in both the real and complex cases. If I is any 
positive integer, then any other positive integer n can be expressed as j ' l + k, 
where j and k are nonncgative integers and k < I. Thus we get that 

(6.32) 11^11 = ||^'+ fc ||<||x'|KW fc ) 
which implies that 

(6.33) ||z n || 1/n < {\\x l \\ 1/l ) jl/n \\ x \\ k/n = (W^W 1 / 1 ) 1 -^ \\x\\ k/n . 
Because < k < I, we get that 

(6.34) limsup\\x n \\ 1/n <\\x l \\ 1/l 

n—too 

for each positive integer I. Now we can take the infimum over I, to obtain that 

(6.35) limsupHxl 1 /™ < r(x). 

This implies that Hx™!) 1 /" — > r(x) as n — >• oo, as desired, since Hrr™!) 1 /™ > r(x) 
for each n > 1 by definition of r(x). 
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6.4 Maximal ideals and homomorphisms 

Let A be a commutative ideal over the real or complex numbers. As usual, a 
linear subspace X of A is said to be an ideal if for every x G I and a <G A we 
have that a x G I. Thus „4 is automatically an ideal in itself, and an ideal X in 
A is said to be proper if X ^ A. A proper ideal X in A is said to be maximal if 
„4 and X are the only ideals in A that contain I. 

Suppose for the moment that A has a nonzero multiplicative identity element 
e. Note that an ideal X in „4 is proper if and only if e G' I. It is well known that 
every proper ideal in A is contained in a maximal ideal, as one can show using 
Zorn's lemma or the Hausdorff maximality principle. The main point is that 
the union of a chain of ideals in A is also an ideal in A, and in fact the union of 
a chain of proper ideals in A is a proper ideal in A, because it does not contain 
e as an element. 

If A is a Banach algebra, then the closure of every ideal in A is an ideal in 
A too. If I is a proper ideal in A and A has a nonzero multiplicative identity 
element e, then X does not contain any invertible elements of A. This implies 
that e — x tf_X for every x & A with ||x|| < 1, since e — x is invertible in A when 
< 1, as in Section 6.2. It follows that e ^ /, so that the closure / of X is 
also a proper ideal in A. In particular, maximal ideals are automatically closed 
in A under these conditions. 

Let </> be a homomorphism from A into the real or complex numbers, as 
appropriate. This means that </> is a linear functional on A such that 

(6.36) (j)(x y) = (j)(x) 4>{y) 

for every x, y G A. Of course, the kernel of 4> is an ideal in A. If <j){x) ^ for 
some x G A, then <j> maps A onto R or C, as appropriate, and the kernel of <j> 
is a maximal ideal in A. If A has a nonzero multiplicative identity clement e 
and <j>{x) 7^ for some x 6 A, then <f>(e) = 1, and <j>(y) ^ for every invertible 
element y of A. 

Suppose that A is a Banach algebra with a nonzero multiplicative identity 
element e, and that <f> is a homomorphism from A into R or C, as appropriate, 
which is not identically 0. If x € A and < 1, then e — x is invertible in „4, 
as in Section 6.2, and hence 0(e — x) ^ 0. Thus 0(a;) 7^ 1 when ||a;|| < 1, and 
one can apply this argument to to; for each t G R or C, as appropriate, such 
that |t| < 1, to get that \</>(x)\ < 1 when ||a;|| < 1. This implies that 

(6.37) \<f>{x)\ < IN 
for every x G A. 

There is a version of this argument that does not require a multiplicative 
identity element. If x G A and ||a;|| < 1, then the series J2jLi x ^ converges in 
A when A is a Banach algebra, for the same reasons as in Section 6.2. Put 
V = Y^jLi x ^ an d observe that 

00 00 

(6.38) xy = J2 xi+1 =J2 xi =y~ x - 

3=1 3=2 
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Let 4> be a homomorphism from A into R or C, as appropriate, so that 



If 4>{x) = 1, then this implies that <j>{y) = <f>{y) — 1, which is impossible. Thus 
we get that <t>{x) ^ 1 when ||a;|| < 1. As before, this implies that (6.37) holds 
for every x € A. 

Let B be a complex Banach algebra with a nonzero multiplicative identity 
element e. If every nonzero element of B is invertiblc, then a famous theorem 
states that B is isomorphic to the field of complex numbers. To see this, let 
x E A be given, and let A £ C be an element of the spectrum of x, whose 
existence was discussed in the previous section. Thus x — A e is not invertible in 
A, which implies that x — A e in this situation. This shows that every element 
of B can be expressed as a complex multiple of e, as desired. 

Suppose now that A is a complex commutative Banach algebra with nonzero 
multiplicative identity element e, and let I be a proper closed ideal in A. The 
quotient A/I is a complex commutative algebra with a nonzero multiplicative 
identity element in a natural way, and it can be shown that A/I is also a Banach 
algebra with respect to the corresponding quotient norm. If I is a maximal 
ideal in A, then A/I is a field, and hence is isomorphic to the field of complex 
numbers, as in the previous paragraph. It follows that every maximal ideal in 
A is the kernel of a homomorphism from A onto C under these conditions. 

6.5 Homomorphisms on L l {A) 

Let A be a locally compact commutative topological group, and let H be a 
Haar measure on A. As before, the space i 1 ( J 4) of complex- valued integrable 
functions on A is a commutative Banach algebra with respect to convolution 
and the L 1 norm. If <ft S A, then the mapping from / G ^(A) to f(<f>) is 
a homomorphism from i 1 (A) as a Banach algebra into the field of complex 
numbers, as in (5.32) in Section 5.4. Note that f(4>) ^ when / is a nonnegative 
real-valued function supported on a sufficiently small neighborhood of in A 
with integral equal to 1, because <j)(0) = 1 and <p is continuous on A. Similarly, 
if 4> and </>' arc distinct elements of A, then <t>(a) ^ <P'(a) for some a G A, 
and it is easy to see that /(0) ^ /(0') when / is a nonnegative real-valued 
function on A supported in a sufficiently small neighborhood of a with integral 
equal to 1. Thus we get a natural one-to-one mapping from A into the set of 
nonzero homomorphisms on L l (A). We would like to show that every nonzero 
homomorphism on L}(A) is of the form / n> f{4>) for some 4> G A, so that this 
mapping is a surjection. 

Suppose for the moment that A is discrete, so that we can take H to be 
counting measure on A, and ^(A) is the same as ^(A). For each a e A, let 
S a (x) be the function on A equal to 1 when x = a and to otherwise. In this 
situation, £ X (A) has a multiplicative identity element given by So, and 



(6.39) 



<t>{x) 4>{y) = 4>(xy) = 4>{y) ~ 4>{x). 



(6.40) 



S a * 6 b = S a+b 
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for every a, b € A. Let $ be a nonzero homomorphism on ^(A), and put 

(6.41) <j)(a) = ¥(a) 

for each a G A. Thus 0(0) = 1, because <E>(<5 ) = 1, and 

(6.42) <j)(a + b) = <j)(a) 4>{b) 

for every o,i£ A This implies that <j)(a) ^ for each a G A, by taking 6 = —a, 
and hence that is a homomorphism from A into the multiplicative group of 
nonzero complex numbers. We also have that 

(6.43) |0(a)| = |$(5 B )| < 1 

for every a G A, by (6.37) in the previous section, and because S a has L 1 norm 
equal to 1 for each a £ A. Applying this to —a, we get that \<j)(a)\ = 1 for 
every a G A, so that is a homomorphism from A into the unit circle T. By 
construction, <&(/) = /(</>) when / = <5 for any a G A, and this also holds when 
/ has finite support on A, by linearity. It follows that $(/) = f{4>) for every 
/ G L X (A), because functions with finite support on A are dense in L 1 (A), and 
both $ and / i-> /(</>) are bounded linear functional on i x (A). 

Suppose now that A is a-compact, and let $ be a nonzero homomorphism 
from £ x (j4) into C. Thus $ is a bounded linear functional on L (A) with 
dual norm less than or equal to 1, by (6.37) in the previous section. Because 
A is er-compact and hence is cr-finite with respect to Haar measure, the Riesz 
representation theorem implies that there is a bounded complex-valued Borel 
measurable function on A with essential supremum norm less than or equal 
to 1 such that 

(6.44) $(/)= f f(x)J(x)dH(x) 

J A 

for every / G L^A). If f,g G L X {A), then 

(6.45) *(/ * g) = $(/) $(<?) = $(/) f g{y)W)dH(y) 

J A 

and 

(6.46) $(/*<?) = f (f*g){x)tfxjdH(x) 

J A 

= [ [ f(x-y)g(y)Mx)dH(y)dH(x). 

J A J A 

Interchanging the order of integration and comparing the result with (6.45), we 
get that 

(6.47) Hf)W)= I fix - y)W)dH(x) = $(/„) 

J A 

for almost every y & A, where f y (x) = f(x — y). 
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By standard arguments, y i-> f y is a continuous mapping from A into L (^4) 
for each / G L X (A). More precisely, this follows from uniform continuity when 
/ is a continuous function on A with compact support, and otherwise one can 
get this for an arbitrary integrable function / on A by approximating / by a 
continuous function with compact support with respect to the L 1 norm. This 
implies that &(f y ) is a continuous function of y on A, because $ is a bounded 
linear functional on L 1 (A). If we apply this to / G ^(A) such that $(/) ^ 
0, then we get that <j>(y) is equal to a continuous function of y on A almost 
everywhere. Thus we may as well suppose that <f> is continuous on A, and hence 
that (6.47) holds for every / G ^(A) and every y G A. 

In particular, 0(0) = 1, since (6.47) holds for y — and / G ^(A) such that 
$(/) ^ 0. If y, z G A, then we can apply (6.47) to y + z instead of y to get that 

(6-48) $(/) <t>{y + z) = Hfy+*) 

for every / G L (A). Similarly, we can apply (6.47) to f y instead of / and z in 
place of y to get that 

(6.49) H!y+z) = Hfy)W) = Hf)W)W), 

using (6.47) again in the second step. Combining (6.48) and (6.49), we get that 

(6.50) <j>(y + z) = <j>(y)<i>(z) 

for every y,z G A, by taking / G ^(A) such that $(/) / 0. As before, this 
implies that <f>(y) ^ for every y G A, by taking z = —y. 

Remember that \4>(y)\ < 1 for almost every y G A. By replacing <f) with a 
continuous function on A, we get that | </>(?/) | < 1 for every y G A. This implies 
that \4*{y)\ = 1 for every y G A, because \<j>{— y)\ < 1 and (j){—y) = l/<j)(y). Thus 
is a continuous homomorphism from A into T and $(/) = /(</)) for every 
/ G L 1 (A), as desired. 

Essentially the same argument can be used when A is not c-compact, with 
some adjustments. The main point is that there is an open subgroup B of A 
which is cr-compact, as in Section 3.7. Thus A is partitioned into the cosets of 
B, each of which is er-hnite with respect to Haar measure. If a + B is any coset 
of B in A, then we can apply the Riesz representation theorem to the restriction 
of $ to the subspace of ^(A) consisting of integrable functions supported on 
a + B. This leads to the same type of representation for $ as before, since only 
finitely or countable many cosets of B in A are needed at each step. 

6.6 The weak* topology 

Let V be a vector space over the real or complex numbers with a norm \\v\\, 
and let V* be the corresponding dual space of bounded linear functionals on V, 
with the dual norm ||A||*. Observe that 



(6.51) 



n;(\) = \\(v)\ 
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defines a seminoma on V* for each v G V. The collection of these seminorms 
N*, v G V, is a nice collection of seminorms on V* in the sense discussed in 
Section 3.10, and thus defines a topology on V* , known as the weak* topology. 
It is easy to see that the closed unit ball 

(6.52) B v . = {A G V* : ||A||* < 1} 

in V* is a closed set in V* with respect to the weak* topology. A famous theorem 
of Banach and Alaoglu states that By* is actually compact with respect to the 
weak* topology on V*. 

Now let A be a Banach algebra over the real or complex numbers, and let 
TL(A) be the collection of homomorphisms from A into R or C, as appropriate. 
Thus %{A) is contained in the closed unit ball B^ in the dual A* of A, as 
in Section 6.4. It is not difficult to check that A is a closed set in A* with 
respect to the weak* topology, and hence is compact with respect to the weak* 
topology, by the Banach-Alaoglu theorem. If A has a nonzero multiplicative 
identity element e, then 

(6.53) Hi(A) = {A G H{A) : A(e) = 1} 

is the same as the set of nonzero homomorphisms on A. In this case, Hi (A) is 
also a closed set in A* with respect to the weak* topology, and hence is compact 
with respect to the weak* topology, by the Banach-Alaoglu theorem again. 

Let A be a locally compact commutative topological group, and let if be a 
Haar measure on A. As usual, the space ^(A) of complex- valued integrable 
functions on A is a commutative Banach algebra with respect to convolutions. 
If <f> G A, then / i— > /(</>) is a nonzero homomorphism on L (A), and we saw in 
the preceding section that every nonzero homomorphism from ^(A) into the 
field of complex numbers is of this form. This defines a mapping from A into 
the set H{L 1 {A)) of complex homomorphisms on L l {A), and one can check that 
this mapping is continuous with respect to the topology on , H{L 1 {A)) induced 
by the weak* topology on the dual of ^(A) and the topology defined on A 
previously. This is very easy to do when A is compact, and otherwise the main 
point is that integrable functions on A can be approximated by functions with 
compact support with respect to the L 1 norm. 

Of course, if A is compact, then the topology defined on A previously is 
the same as the discrete topology, and so any mapping from A into another 
topological space is continuous. In this case, one can show that the topology on 
A correspomding to the weak* topology on the dual of L^{A) is also discrete. 
This uses the fact that A C L X {A) when A is compact, and the orthogonality of 
distinct elements of A with respect to the standard L 2 inner product on A. If A 
is discrete, then A is compact, and L l {A) has a multiplicative identity element, 
as in the preceding section. It is easy to see that the topology defined previously 
on A is the same as the one induced by the weak* topology on ^(A) in this 
situation as well, basically because compact subsets of A are finite when A is 
discrete. 
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6.7 Comparing topologies on A 

Let A be a locally compact commutative topological group with a Haar measure 
H, as before. If <j> € A, then / i->- f{4>) is a bounded linear functional on L 1 (A), 
which leads to a natural mapping from A into the dual of ^(A). It is easy to 
see that this mapping is continuous with respect to the topology on A defined 
previously and the weak* topology on L 1 (A)*, as mentioned in the preceding 
section. In fact, this mapping is a homeomorphism onto its image, so that the 
usual topology on A is the same as the one induced by the weak* topology on 
L 1 (A)*. 

To sec this, let </> 6 A be given, as well as a nonempty compact set K C A 
and e > 0. Thus 



(6.54) <^ V £ A : sup \ip(x) - (j>(x)\ < e 
I xeK 

is a basic open set in A containing <p. In order to show that this contains a 
relative neighborhood of in A with respect to the topology induced by the 
weak* topology on L 1 (A)*, it suffices to check that there are finitely many 
integrablc functions /i , . . . , /; on A and finitely many positive real numbers 
n , . . . , r„ such that 

(6.55) {^4: |£(V) - fM\ < rj for j = l,...,l} 

is contained in (6.54). 

Let / be a nonnegative continuous real-valued function on A with compact 
support and J A f dH = 1. If the support of / is contained in a sufficiently small 
neighborhood of in A, then 



(6.56) 1/(0) -1| 



f{x) (j)(x) dH{x) - 1 



A 



1 

<4' 



because <j) is continuous on A and 0(0) = 1. In particular, 
(6-57) |/(0)| > | 

Let us now fix such a function / for the rest of the argument. 

Let ij be a positive real number less than or equal to 1/4. As one of the 
conditions on ip 6 A as in (6.55), we ask that 

(6.58) \m-m\<v<\- 

In particular, this implies that 

(6-59) |/(V)| > \ 

As in Section 5.1, put (T a (f))(x) — f(x + a) for each a,x G A, so that 
(6.60) (W))(V)=#*)/W0 
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for every ip € A. If f(ip) is sufficiently close to f(<p), and (T a (f)){ip) is sufficiently 
close to (T a (f)(<p), then it follows that V(°0 i s as dose as one wants to (p{a). 
Of course, 

(6M)\(fXf))W-(TZf))W\ < J A \{T a (f))(x)-(T b (f))(x)\dH{x) 

= [ \f(x + a)-f(x + b)\dH(x) 

J A 

= J\f(x + a-b)-f{x)\dH(x) 

for every ip s A and a, b e A. Because / is a continuous function with compact 
support on A, and hence / is uniformly continuous, the right side of (6.61) tends 
to as a - b ->• in A. If (fjj))(tp) is sufficiently close to (TJJ))(<f>), then 

it follows that (Tb(f))(ip) is as close to (Tf,(/))(^) as one wants when a — b is 
sufficiently close to in A. 

If f(ip) is sufficiently close to /(</>), and if (T a (f))(tp) is sufficiently close to 
(T a (f ))((/>), then we get that ^(6) is as close as we want to <j>(b) when a — b 
is sufficiently close to in A. Note that this works uniformly over ip 6 A, in 
the sense that how close a — b should be to in A does not depend on ip. If 
K C A is compact, then if can be covered by neighborhoods of finitely many 
of its elements to which the previous statement applies. In order to ensure that 
ip is uniformly close to (p on K, it is enough to know that f(ip) is sufficiently 
close to f{4>), and that (T a (f))(ip) is sufficiently close to (T a (f))(<p) for finitely 
many a G if, as desired. 



Chapter 7 

Operators on L 



7.1 Convolution operators 

Let A be a locally compact commutative topological group with a Haar measure 
H . If 8 is a complex-valued integrable function on A with respect to H, then 

(7.1) C e (f) = e*f 

defines a bounded linear operator on the space L 2 (A) of complex- valued squarc- 
integrable functions on A with respect to H, with operator norm less than or 
equal to the L 1 norm of 8. This follows from the discussion in Chapter 5.7, 
applied to the measure v{E) = J E 8dH. Using Fubini's theorem, it is easy to 
see that the adjoint of Cg with respect to the standard inner product 

(7.2) (f,g)= [ f{x)~rtx)dH(x) 

J A 

on L 2 (A) is given by Cg = C~, where 9{x) = 0(—x). 

Suppose now that A is compact, and let us normalize H as usual so that 
H(A) = 1. If 6 is a continuous function on A, then one can check that Cg is a 
compact linear operator on L 2 (A), in the sense that Cg can be approximated in 
the operator norm by finite rank operators on L 2 (A). This uses the fact that 
8 is uniformly continuous on A, and it also holds for integrable functions 8 on 
A, since they can be approximated by continuous functions with respect to the 
L 1 norm. Note that Cg is normal as well, which means that it commutes with 
its adjoint, since its adjoint is a convolution operator too, as in the previous 
paragraph. 

It follows from well-known results about compact normal linear operators on 
Hilbert spaces that for each 9 S L : (A), there is an orthonormal basis for L 2 (A) 
consisting of eigenvectors for Cg . Put 

(7.3) E(\,8) = {feL 2 (A):Cg(f) = \f} 
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for each A £ C and 9 £ which is the eigenspace in L 2 (A) corresponding 

to the eigenvalue A and the linear operator Cg. It is also well known that -E^A, 9) 
is a finite-dimensional linear subspace of L 2 (A) when A ^ 0, because Cg is a 
compact linear operator on L 2 (A). 

Let T a be the usual translation operator on L 2 {A) for each a £ A, so that 
(T a (f))(x) — f(x + a) for every / £ L 2 (A). Thus T a is a unitary operator on 
L 2 (A) for each a E A, and it is easy to see that T a commutes with Cg for every 
9 E L l {A). This implies that T a maps E(X,9) into itself for each a E A, X £ C, 
and £ and in fact that 

(7.4) T a (E(X, 6)) = E(X, 6) 

for every a £ A, X £ C, and £ since the previous statement also applies 

to T_ a = T" 1 . Suppose that A ^ 0, so that E(X,9) is a finite-dimensional 
linear subspace of L 2 (A), as before. The restriction of T a to -E(A, 0) is a unitary 
operator on E(X, 9) with respect to the restriction of the standard inner product 
on L 2 (A) to E(X, 9) for each a £ A, and so for each a E A there is an orthonormal 
basis for E(X,9) consisting of eigenvectors for T a . Because A is commutative, 
and hence T a commutes with Tb for every a, 6 £ A, it is well known that there 
is an orthonormal basis for E(X, 9) whose elements are eigenvectors for T a for 
each a £ A simultaneously. This uses the fact that the eigenspaces for T a are 
invariant under Xf, for every a, b £ A, since T a and Tb commute with each other. 



7.2 Simultaneous eigenf unctions 

Let A be a compact commutative topological group, as in the previous section. 
Also let / £ L 2 (A) be an eigenvector for T a for each a £ A with L 2 norm equal 
to 1, so that for each a £ A there is a complex number ^(a) such that 

(7-5) T a (f) = n(a) f. 

In particular, 

(7-6) »(a) = (T a (f),f) 

for each a £ A, which implies that /i(a) is a continuous function of a £ A, 
since a H> T a (f) is continuous as a mapping from A into L 2 (A). As usual, the 
continuity of a n> T a (f) follows from the uniform continuity of / when / is a 
continuous function on A, and otherwise one can approximate any / £ L 2 (A) 
by continuous functions on A with respect to the L? norm. 

Note that /i(0) = and |/z(a)| = 1 for each a £ A, because To is the identity 
operator and T a is unitary for every a £ A. Similarly, 

(7.7) n(a + b) = n(a) /i(6) 

for all a, b £ A, because T a o T], = T a+ b- This shows that \i defines a continuous 
character on A. 

If we put g(x) = /i(x)^ 1 f(x), then it is easy to see that T a (g) = g for every 
a £ A. More precisely, this means that T a (g) is equal to g as elements of L 2 (A), 



7.2. SIMULTANEOUS EIGENFUNCTIONS 



117 



so that for each a € Awe have that g(x + a) = g(x) for almost every x G A with 
respect to Haar measure. If / is continuous on A, then g is continuous on A too, 
and it follows that g(x + a) = g(x) for every a, x G A, which is to say that g is 
constant on A. Otherwise, one can use Fubini's theorem to argue that for almost 
every x G A, g(x + a) = g(x) for almost every a G A. As soon as this holds 
for any x G A, we get that g is equal to a constant almost everywhere on A. 
Alternatively, the condition that for each a G A g(x + a) = g(x) for almost every 
x G A implies that the convolution of g with any integrable function on A is 
constant on A. This also implies that g is equal to a constant almost everywhere 
on A, by approximating g with respect to the L 2 norm by convolutions of g with 
functions supported in small neighborhoods of in A. 

Thus / is equal to a constant multiple of fj, almost everywhere on A. If 
9 G ^(A), A e C, A / 0, and E(X,9) ^ {0}, then it follows that there is 
an orthonormal basis for E(X,8) consisting of characters on A. Conversely, if 
4> E A, then Cg (</>) = 9 * <j> = 9(<j>) <j>, as in (5.70) in Section 5.7. 

If 9 G satisfies 9(<p) = for every <fi G A, then the previous discussion 

implies that A = is the only eigenvalue of Cg, and hence that Cg(f) = for 
every / G L 2 (A). This implies that 9 = under these conditions, since there 
are continuous functions / on A supported in a small neighborhood of such 
that 9 * f approximates 8 with respect to the L 1 norm. 

In particular, if 9 G L 2 (A) is orthogonal to every <fi G A, then 9 = 0. This 
implies that finite linear combinations of characters on A are dense in L 2 (A). 

Suppose now that / is a continuous function on A, and let us show that / 
can be approximated uniformly on A by finite linear combinations of characters 
on A. As usual, / can be approximated uniformly on A by functions of the 
form f*h, where h is a continuous function supported in a small neighborhood 
of in A. If g G L 2 (A) approximates / with respect to the L 2 norm, then 
g * h approximates f * h uniformly on A for any fixed h G L 2 (A), because the 
supremum norm of the convolution of two functions in L 2 (A) is less than or 
equal to the product of their L 2 norms. If g is a finite linear combination of 
characters on A, then g * h is also a finite linear combination of characters on A, 
since the convolution of an integrable function on A with a character is equal to 
a constant multiple of that character, as before. Because / can be approximated 
by finite linear combinations of characters with respect to the L 2 norm, f * h 
can be approximated uniformly by finite linear combinations of characters for 
each h G L 2 (A), and hence / can be approximated uniformly by finite linear 
combinations of characters, as desired. 

If fi is a complex regular Borel measure on A such that fi((f>) = for every 
4> G A, then 

(7.8) f fdfi = 

J A 

for every / G A, and hence for every function / on A which can be expressed as 
a finite linear combination of characters on A. This implies that (7.8) holds for 
every continuous function / on A, because every continuous function on A can 
be approximated by finite linear combinations of characters uniformly on A, as 



118 



CHAPTER 7. OPERATORS ON L 2 



in the previous paragraph. It follows that fi = on A when = for every 
4> £ A. 



7.3 Non-compact groups 

Let A be a locally compact commutative topological group again. Even if A is 
not compact, 9 i->- Ce defines a bounded linear mapping from L X (A) into the 
space BC(L 2 (A)) of bounded linear operators on L 2 (A). This mapping is also 
a homomorphism from L (A) as an algebra with respect to convolution into 
BC{L 2 {A)) as an alegbra with respect to composition of operators. Thus the 
collection Aq of bounded linear operators on L 2 (A) of the form Cg for some 
9 £ ^(A) is a commutative subalgcbra of BC{L 2 {A)). More precisely, Ao is 
a *-subalgebra of BC(L 2 (A)), because Cg £ Aq for every 9 £ L l (A), by the 
remarks at the beginning of the chapter. 

Let Ai be the linear span of An and the identity operator / on L 2 (A) in 
BC(L 2 {A)) 1 which is also a *-subalgebra of BC(L 2 (A)). Note that I £ Aq when 
A is discrete, in which case A\ = Aq. The closure A of A\ in BC(L 2 (A)) 
is a commutative Banach subalgebra of BC(L 2 (A)) that contains the identity 
operator and is a *-subalgebra of BC{L 2 {A)) 1 which implies that A is a C* 
algebra. It follows from well-known results that for each T £ A there is a 
complex homomorphism $ on A such that |$(T)| is equal to the operator norm 
||T||op of T on L 2 (A). 

If $ is any complex homomorphism on A, then 9 i— >• <$>(C$) defines a complex 
homomorphism on As in Section 6.5, if ${Cg) ^ for some 9 £ i 1 ( J 4), 

then there is a continuous homomorphism <p ■ A — > T such that 

(7.9) *(C 9 ) = J 9{x)J{x)dH{x) = 0(<f>) 

for every 9 £ L 1 (yl), where i? denotes Haar measure on A, as usual. If 9 £ ^{A) 
is not equal to almost everywhere on A with respect to H, then Cg(f) ^ for 
some / £ L 2 (A) , as in the previous section. This implies that there is a complex 
homomorphism $ on A such that $(C$) ^ 0, as in the preceding paragraph, 
and hence that 9{(j>) ^ for some <p £ A. 

If v is a nonzero complex regular Borel measure on A, then it is easy to 
see that there is a continuous complex-valued function / on A with compact 
support such that (/ * v)(0) ^ 0. It follows that (/ * v){x) ^ for every x in a 
neighborhood of in A, because / * v is continuous on A, as in Section 5.7. The 
convolution / * v may also be considered as an integrable function on A with 
respect to Haar measure H, which is thus not equal to almost everywhere on 
A with respect to H. The discussion in the preceding paragraph implies that 
the Fourier transform of / * v is not identically zero on A, and in particular that 
the Fourier transform of v is not identically zero on A. 
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7.4 Some connections with duality 

Let A be a locally compact commutative topological group. If a, b € A and a ^= b, 
then there is a e A such that cf){a) ^ 4>{b). More precisely, if A is discrete, 
then this follows from the discussion at the end Section 4.4. If A is compact, 
then this can be derived from the fact that every continuous complex-valued 
function on A can be approximated uniformly by a finite linear combination of 
characters, as in Section 7.2. Of course, this also uses the fact that continuous 
functions on A separate points, by Urysohn's lemma. If A is any locally compact 
commutative topological group, then consider the Borel measure on A given by 

(7.10) = s a - 6 b , 

where 5 a , 5 b are the Dirac masses at a, b, respectively. Thus 

(7.11) j^ b {4>) =W) -W) 

for every <j> e A, and fi a M ^ when a ^ b. The discussion in the previous section 
implies that Jj^b{4>) f° r some 4> & A, which means exactly that <p(a) ^ 4>{b), 
as desired. 

Suppose for the moment that A is a closed subgroup of a compact abelian 
topological group B, with the induced topology, so that A is also compact. 
As in the previous paragraph, characters on B separate points. This implies 
that every character on A is the restriction to A of a character on B, by the 
discussion in Section 4.5. Equivalently, every character on A can be extended 
to a character on B. Similarly, if B is a discrete abelian group and A is any 
subgroup of B, then every character on A can be extended to a character on B, 
as in Section 4.4. In fact, if A is a closed subgroup of a locally compact abelian 
topological group B, then it is well known that every character on A can be 
extended to B, but we shall not get into this here. As another variant of this, 
suppose that A is an open subgroup of an abelian topological group B, which 
implies that A is a closed subgroup of B. If (p is a character on A, then cj> can be 
extended to a homomorphism from B into T, as in the case where B is discrete. 
Under these conditions, any extension of <j> to a homomorphism from B into T 
is continuous, because <f> is continuous on A and A is an open subgroup of B. 

Suppose now that A and B are locally compact commutative topological 
groups, and that h is a continuous homomorphism from A into B. This leads 
to a natural dual homomorphism h from B into A, which sends a character <f> 
on B to 4> o h as a character on A. It is easy to see that h is continuous as 
a mapping from B into A with respect to their corresponding dual topologies, 
basically because h maps compact subsets of A to compact subsets of B. If A 
is a subgroup of B with the induced topology, and if h is the obvious inclusion 
mapping that sends each element of A to itself as an element of B, then h sends 
each character <f) on B to its restriction to A, as in the previous paragraph. 

Alternatively, let A be a locally compact commutative topological group, 
and let C be a closed subgroup of A. Thus the quotient B — A/C is also a 
locally compact abelian topological group with respect to the quotient topology, 
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and the natural quotient mapping ft : A — >• B is a continuous homomorphism. 
If 4> is a character on £?, then ft(</>) = cf> o ft, is a character on A whose kernel 
contains C as a subgroup. Conversely, if is a homomorphism from A into T 
whose kernel contains C as a subgroup, then tp can be expressed as <f> o ft, for a 
unique homomorphism from B into T. If -0 is also continuous as a mapping 
from A into T, then one check that <p is continuous as a mapping from B into 
T, because of the way that the quotient topology is defined. 

It follows that ft, defines a one-to-one mapping from B onto the subgroup of 
A consisting of characters on A whose kernels contain C. It is easy to see that 
this is a closed subgroup of A with respect to the usual dual topology on A. 
We have already seen that ft is continuous, and in this case one can check that 
ft is actually a homeomorphism from B onto its image in A in this case, with 
respect to the topology induced by the one one A. To see this, the main point 
is that every compact set in B is contained in the image of a compact set in 
A under ft. More precisely, every point in B is contained in an open set that 
is contained in the image of a compact set in A, because A is locally compact 
and ft is an open mapping. Hence every compact set K C B is contained in the 
union of finitely many open sets, each of which is contained in the image of a 
compact set in A under ft, so that K is contained in the image of a compact set 
E in A under ft. Of course, ft" 1 (if) is a closed set in A, and so E ("1 ft -1 (if) is 
a compact set in A which is mapped onto if by ft. 

Remember that the dual group A associated to a locally compact abelian 
topological group A is also a locally compact abelian topological group in a 

natural way, as in Section 4.8. Thus the second dual A may be defined as usual 
as the group of continuous homomorphisms from A into the multiplicative group 
T of complex numbers with modulus 1. This is a locally compact commutative 

topological group as well, using the topology determined on A by the one on A 
in the same way that the topology on A was defined in terms of the topology on 

A. In particular, if A is discrete, then A is compact, and hence A is discrete too. 

Similarly, if A is compact, then A is discrete, which implies that A is compact. 
Let a £ Abe given, and put 

(7.12) tt o (0 = 0(a) 

for each <fi € A, as in (4.41) in Section 4.5. This defines a homomorphism from 
A into T, since the group structure on A is defined by pointwise multiplication. 
It is easy to see that <I/ a is also continuous with respect to the usual topology 

on A, basically because {a} is a nonempty compact subset of A. Thus 6 i 
for each a £ A, and in fact the mapping a i-> \& is a homomorphism from A 

into A, because 

(7.13) *a+b(4>) = 4>{a + b) = 0(a) 0(6) = * o (0) 3- 6 (0) 

for every a, b 6 A. The fact that elements of A separate points on A says exactly 
that o h> f „ is a one-to-one mapping from A into A. 
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If A is discrete, then every element of A is of the form ^ for some a G A, 
as discussed at the end of Section 4.5. If A is any locally compact abelian 
topological group, then one can check that a h> f a is continuous as a mapping 

from A into A. Of course, this is trivial when A is discrete, and otherwise one 
can se the fact that compact subsets of A are equicontinuous on A, as in Section 
4.7. A well-known theorem states that a t— > ^> a is a homeomorphism from A 

onto A for any locally compact abelian topological group A. If A is compact, 
then this^can be see as follows. _ 

Let A\ be the subgroup of A consisting of characters on A of the form 
f n for some a G A. If A is compact, then Ai is a compact subgroup of A, 
because a H- $„ is a continuous mapping from A into A. In this case, it follows 
immediately that a 4 is a homeomorphism from A onto A\ with respect 

to the topology induced by the one on A, because a one-to-one continuous 
mapping from a compact topological space onto a Hausdorff space is always a 

homeomorphism. Thus it remains to show that A is equal to A\ when A is 
compact. 

Note that A\ is a closed subgroup of A when A is compact, because A\ is 

compact, as before. Thus A/Ai is also a compact abelian topological group 

under these conditions. If A\ ^ A, then A/A\ is nontrivial, and hence there 

is a nontrivial continuous character on Aj A\, by the remarks at the beginning 
of the section. Equivalcntly, this means that there is a nontrivial continuous 

character on A whose kernel contains A\. However, A is the dual of the discrete 

abelian group A, which implies that every continuous character on A is given 
by evaluation at an element of A, as before. If (f> G A has the property that 
^a{<P) — <H a ) = 1 f° r every a G A, then <f> is the identity element of A, and 

hence the character on A corresponding to evaluation at <p is trivial as well. 

This implies that there is no nontrivial continuous character on A whose kernel 

contains A\, so that A\ = A, as desired. 



Chapter 8 

p-Adic numbers 



8.1 The j9-adic absolute value 

Let p be a prime number, and let x be a rational number. The p-adic absolute 
value \x\ p of x is defined as follows. If x = 0, then \x\ p = 0. Otherwise, if 
x = p> a/b for some integers a, b, and j, where a, 6 ^ and a, 6 are not divisible 
by p, then we put 



for every x, y £ Q. More precisely, if x = a/b and y = p> c/d, where a, 6, c, 
d, and j are integers, and b,d^0 are not divisible by p, then 



where bd ^ is not divisible by p. This implies that \x + y\ p < p~i under these 
conditions, and (8.2) follows by taking j as large as possible. 
Like the ordinary absolute value on R, we also have that 



(8.1) 



x\ p = p 



It is easy to see that 



(8.2) 



\x + y\ p < max(|x| p , \y\ p ) 



(8.3) 




(8.4) 



\xy\ P = \x\ P \y\ 



for every x, y € Q. The p-adic metric on Q is defined by 



(8.5) 



d p (x,y) = \x-y\p. 



This is actually an ultrametric on Q, because 



(8.6) 



d p (x, z) < max(d p (x, y), d p (y, z)) 



for every x,y 7 z £ Q, by (8.2). 
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Note that \x\ p < 1 for every integer x. More precisely, a rational number 
x satisfies \x\ p < 1 if and only if x can be expressed as a/b, where a and b are 
integers, 6^0, and b is not divisible by p. Because p is prime, the ring Z/pZ 
of integers modulo p is a field, and hence there is an integer c such that be = 1 
modulo p. Thus x = (ac)/(bc) = (ac)/(l — pi) for some integer /. As usual, 

for each integer n > 0. In this context, (pZ)" +1 — > as n — > oo with respect to 
the p-adic metric, so that 

n 

(8.8) ac ^ (p0 «^_^_ =a; 

j=o p 

as n — > oo with respect to the p-adic metric. This shows that every xeQ with 
\x\ p < 1 can be approximated by integers with respect to the p-adic metric. 



8.2 Completion 

In the same way that the real numbers R can be obtained by completing the 
rational numbers Q as a metric space with respect to the standard metric, the 
p-adic numbers Q p are obtained by completing Q with respect to the p-adic 
metric. Thus Q p can be defined initially as a complete metric space, with an 
isometric embedding of Q with the p-adic metric onto a dense subset of Q p . 
Let us identify Q with this dense subset of Q p , and let d p (x,y) be the metric 
on Q p , which extends the p-adic metric on Q. As usual, Q p can be described 
in terms of Cauchy sequences in Q with respect to the p-adic metric, and Q p is 
uniquely determined up to isometric equivalence. 

Using the description of Q p in terms of Cauchy sequences in Q with respect 
to the p-adic metric or the other properties of Q p mentioned in the previous 
paragraph, one can check that the p-adic metric is an ultrametric on Q p , and 
that d p (x, y) is an integer power of p for each x, y G Q p with x ^ y. Addition and 
multiplication can also be extended to Q p , so that Q p becomes a commutative 
ring, with and 1 as its additive and multiplicative identity elements. The 
p-adic absolute value \x\ p extends to x G Q p as well, and is an integer power of 
p when i^O. It is easy to see that (8.2), (8.4), and (8.5) continue to hold on 
Q p . If x G Q p and x ^ 0, then one can show that x has a multiplicative inverse 
in Qp, so that Q p is a field. 

If (M,d(x,y)) is any metric space and {xj}° < iL 1 is a Cauchy sequence of 
elements of M, then 

(8.9) lim d(xj,Xj + i) = 0. 

Although this condition is not normally sufficient to imply that {xj}°^ 1 is a 
Cauchy sequence in M, this does work when d(x, y) is an ultrametric on M. In 
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particular, if {aj}JL 1 is a sequence of elements of Q p that converges to with 
respect to the p-adic metric, then the partial sums s n — Y^j=i a j satisfy 

(8.10) s„+i - s n = a n+ i -> 

in Q p as n — > oo, and hence {s n } c ^ =1 is a Cauchy sequence in Q p . Thus an 
infinite series Y^jLi a j °f p-adic numbers converges when {cij}°^ 1 converges to 
in Q p , because Q p is complete. 

It is easy to see that addition and multiplication define continuous mappings 
from Q p x Q p into Q p , using the product topology on Q p x Q p corresponding 
to the topology on Q p determined by the p-adic metric. In particular, Q p is 
a commutative topological group with respect to addition, since the additive 
inverse of x £ Q p is the same as multiplying x by —1. 

8.3 j9-Adic integers 

The set Z p of p-adic integers may be defined by 

(8.11) Zp = {x £ Qp : \x\ p < 1}. 

If x,y £ Zp, then x + y £ Z p and it/ £ Z p , by (8.2) and (8.4), so that Z p is 
a sub-ring of Q p . Note that Z C Z p , and that Z p is a closed set in Q p with 
respect to the p-adic metric. Equivalently, Z p is the same as the closure of Z 
in Qp. To see this, let x £ Z p be given, so that \x\ p < 1. Because Q is dense 
in Qp, for each e > there is a y £ Q such that \x — y\ p < e. If e < 1, then 
we also get that \y\ p < 1, by the ultrametric version of the triangle inequality. 
As in Section 8.1, y can be approximated by integers with respect to the p-adic 
metric, and hence x can be too, as desired. 
If j is an integer, then put 

(8.12) pP Z = {pP x : x e Z}, 
and similarly 

(8.13) p> Z p = {p> x : x e Z p }. 

Thus p> Z and pp Z p are sub- rings of Q and Q p , respectively, and they are ideals 
in Z and Z p , respectively, when j > 0. Equivalently, 

(8.14) P i z P = {y€Q P :\y\ P <p- j } 

for each j. If j > 0, then the quotients Z/pP Z and Z p /pP Z p can be defined 
as commutative rings in the usual way. Because Z C Z p and pP Z C Z p , there 
is a natural homomorphism from ZjpP Z into Zp/pP Z p . It is easy to see that 
this homomorphism is a surjection, using the fact that Z is dense in Z p . One 
can also check that this homomorphism is injective, and hence an isomorphism. 
The main point is that if a; G Z n (p> Z p ), then \x\ p < p~i , and hence x £ pP ' Z p . 

Let (M, d(x, y)) be any metric space for the moment. Remember that a set 
E C M is said to be bounded if E is contained in a ball in M, and that E is 
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said to be totally bounded in M if for each e > 0, E is contained in the union 
of finitely many balls of radius e in M. It is easy to see that totally bounded 
subsets of M are bounded, and that compact subsets of M are totally bounded. 
If M is complete, then it is well known that E C M is compact if and only if E 
is closed and totally bounded. Note that bounded subsets of the real line with 
the standard metric are totally bounded. 

If j is a positive integer, then the natural isomorphism between Z/p 3 Z and 
Z p jp 3 Z p implies that the latter has exactly p 3 elements. This implies that Z p 
is the union of pi translates of pi Z p , and hence that Z p is the union of pi closed 
balls of radius p~ 3 in Q p for each positive integer j. Thus Z p is a compact set in 
Q p with respect to the p-adic metric, because Q p is complete and Z p is closed 
and totally bounded. It follows that Q p is locally compact, since translated of 
Zp in Qp are compact as well. Observe that p k Z p is compact in Q p for each 
integer k too, which implies that closed and bounded subsets of Q p are compact. 

8.4 Haar measure on Q p 

Let H be Haar measure on Q p , normalized so that H(Z p ) = 1. If j is a positive 
integer, the it follows from the discusion in the previous section that Z p is the 
union of pi pairwise-disjoint translates of pi Z p . This implies that 

(8.15) H(piZ p )=p-i. 

This equation also holds when j < 0, in which case pi Z p is the union of p~i 
pairwise-disjoint translates of Z p . Note that pi Z p is an open and closed sub- 
group of Qp for each integer j, and that the restriction of H to pi Z p is a Haar 
measure on pi Z p as a compact topological group. 

With this normalization, Haar measure on Q p is the same as 1-dimensional 
Hausdorff measure on Q p . This can be used as a way to construct Haar measure 
on Qp, which is analogous to the standard construction of Lebesgue measure 
on the real line. Of course, any Hausdorff measure on Q p is automatically 
invariant under translations, because the p-adic metric on Q p is invariant under 
translations by construction. However, 1-dimensional Hausdorff measure on Q p 
has the additional property that it is finite for bounded subsets of Q p , and it is 
positive for nonempty open subsets of Q p . 

Alternatively, if / is a continuous real or complex- valued function on Z p , 
then one can define a Haar integral of /, as follows. We have seen that Z p 
is the union of p 3 pairwise-disjoint translates of p 3 Z p for each positive integer 
j. Using this, one can define Riemann sums by averaging / over pi points in 
Zp, with exactly one point in each of the translates of p 3 Z p in Z p . Because / 
is continuous on Z p and Z p is compact, / is also uniformly continuous on Z p , 
and one can use this to show that any sequence of Riemann sums defined as 
before is a Cauchy sequence as j — > oo. Thus the Riemann sums converge in 
R or C, as appropriate, as j — > oo, and the Haar integral of / is defined to 
be the limit of the Riemann sums. One can also use the uniform continuity 
of / on Zp to show that the limit of the Riemann sums does not depend on 
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which points in the translates of p 3 Z p in Z p were used in the definition of the 
Riemann sums. One could instead consider upper and lower Riemann sums for 
continuous real- valued functions on Z p , and show that they give the same result 
in the limit, using uniform continuity again. At any rate, this defines a Haar 
integral as a nonnegative linear functional on continuous functions on Z p , and 
one can check that it is invariant under translations on Z p . As usual, one can 
then get Haar measure on Z p as a regular Borel measure from the Haar integral 
using the Riesz representation theorem. 

Similarly, one can define a Haar integral for continuous functions on p l Z p for 
each integer I. If Z < 0, then p l Z p is the union of p~ l pairwise-disjoint translates 
of Z p , and the Haar integral of a function on p l Z p is the same as the sum of p~ l 
Haar integrals over Z p . If / is a continuous real or complex- valued function on 
Qp with compact support, then the support of / is contained in p l Z p for some 
integer I, and the Haar integral of / as a function on Q p can be defined as the 
Haar integral of / over p l Z p for such an I. One can check that this defines a 
nonnegative linear functional on the space of continuous functions on Q p with 
compact support which is invariant under translations, so that Haar measure 
on Q p corresponds to this Haar integral as in the Riesz representation theorem. 

8.5 Qp/Zp 

Consider Q p /Z p as a commutative group with respect to addition, which is 
the quotient of the commutative group Q p of p-adic numbers with respect to 
addition by the subgroup Z p of p-adic integers. This is analogous to Q/Z as 
the quotient of the commutative group Q of rational numbers with respect to 
addition by the subgroup Z of integers. Because of the natural inclusions of Q 
in Q p and Z in Z p , there is a natural homomorphism from Q/Z into Qp/Z p . 
It is easy to see that this homomorphism is a surjection, because Q is dense in 
Qp, and Z p is an open subgroup of Q p . However, this homomorphism is not an 
injection, because Z is a proper subgroup of Q Pl Z p . 

To deal with this, let B p be the subgroup of Q consisting of rational numbers 
of the form p - - 7 a, where a and j are integers. It is easy to see that B p is a 
subgroup of Q with respect to addition, and that B p is dense in Q p , because Z 
is dense in Z p . Of course, Z C B pi and so the quotient B p /Z makes sense and 
is a subgroup of Q/Z. As before, the restriction of the natural homomorphism 
from Q/Z onto Q p /Z p also maps B p /Z onto Q p /Z p , because B p is dense in Q p 
and Zp is an open subgroup of Q p . This actually defines an isomorphism from 
B p /Z onto Qp/Zp, because B p n Z p = Z. 

Let B p j = p~3 Z be the subgroup of B p consisting of rational numbers of the 
form p~i a with a e Z for each nonnegative integer j, so that B p j C B p j + i for 
each j, and B p = Ujl ^p,j- I n particular, Z C B p j for each j > 0, so that the 
quotient B p j/Z makes sense and is a subgroup of B p /Z. Put C p = B p /Z and 
C p j = Bpj/Z for each nonnegative integer j, and observe that C p j C C p j+i 
for each j > and that C p — Ujlo ^p,j- By construction, C p j — p~i Z/Z is 
isomorphic as a group to ZjpP Z for each j > 0. Similarly, C p ,j+i is isomorphic 
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to Z/p- 7 " 1 " 1 Z, and C p j C C PJ+ i corresponds to the subgroup pZ/p J+1 Z of 
Z/p 3+1 Z under this isomorphism. 

Of course, we can also think of B p as a subgroup of the group R of real 
numbers with respect to addition, and we can think of C p — B p /Z as a subgroup 
of R/Z, which is isomorphic to the multiplicative group T of complex numbers 
with modulus equal to 1. If j is a positive integer, then C p j corresponds to the 
subgroup of T consisting of complex numbers z such that z to the power p 3 is 
equal to 1. Thus C p corresponds to the subgroup of T consisting of complex 
numbers z such that z to the power p 3 is equal to 1 for some nonnegative 
integer j. Note that the quotient topology on Q p /Z p is the same as the discrete 
topology, because Z p is an open subgroup of Q p . By constrast, the subgroup of 
T corresponding to C p is dense in T with respect to the standard topology. 

8.6 Coherent sequences 

As in Section 8.3, there is a natural ring isomorphism between Zp/p 3 Z p and 
Z/p 3 Z for each positive integer j. Because p 3+1 ZCp 3 Z and p 3+1 Z p C p> Z p , 
there are also natural ring homomorphisms from Z/p 3+1 Z onto Z/p 3 Z and from 
Z p /p> +1 Z onto Zp/p 3 Z p for each j. It is easy to see that these homomorphisms 
correspond to each other under the isomorphisms mentioned earlier. 

Consider the Cartesian product X = YifLi {^/P 3 Z), so that the elements 
of X are sequences x = {xj}jZ 1 with Xj £ Z/p 3 Z for each j. Thus X is a 
commutative ring with respect to coordinatewise addition and multiplication, 
and a compact Hausdorff topological space with respect to the product topology 
associated to the discrete topology on the finite set Z/p 3 Z for each j. Of course, 
the ring operations on X are continuous with respect to this topology, so that 
X is a topological ring. 

Let us say that x € X is a coherent sequence if Xj is the image of Xj+i under 
the natural homomorphism from Z/p 3+1 Z onto Z/p 3 Z for each j > 1. Let Y 
be the set of coherent sequences in X, which is a closed sub-ring of X. 

Let qj be the natural quotient ring homomorphism from Z onto Z/p 3 Z for 
each positive integer j. Put 

(8.16) q(a) - {<7»}°°=i 

for each a € Z, so that q defines a ring homomorphism from Z into X. It is 
easy to see that q is one-to-one, and that q(a) is a coherent sequence in X for 
each a G Z. Thus q maps Z into Y, and one can check that q(Z) is dense in 
Y, which is to say that the closure of q(Z) in X with respect to the product 
topology is equal to Y. More precisely, for each y e Y and positive integer I, 
there is an a £ Z such that qi(a) — yi, which implies that qj(a) = yj when j < I, 
by coherence. 

Similarly, there is a natural ring homomorphism q' from Z p onto Z/p 3 Z for 
each positive integer j, which is the composition of the quotient homomorphism 
from Z p onto Z p /p 3 Z p with the usual isomorphism from Z p /p 3 Z p onto Z/p 3 Z. 
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Thus 

(8.17) q'(a) = {q' j (a)}°° =1 

defines a ring homomorphism from Z p into X. Note that the restriction of q'j 
to Z is equal to qj for each j, and hence the restriction of q 1 to Z is equal to 
q. As before, it is easy to see that q' is a one-to-one mapping from Z p into the 
sub- ring Y of coherent sequences in X. 

Because pP Z p is an open subset of Z p for each j, q'- is continuous as a 
mapping from Z p into Z jpP Z equipped with the discrete topology. This implies 
that q' is continuous as a mapping from Z p into X with the corresponding 
product topology. In particular, q' maps Z p onto a compact subset of X, since 
Z p is compact. Thus q'(Z p ) is a closed set in X, which is contained in Y and 
contains q(Z). It follows that q'{Z p ) = Y, because Y is the closure of q(Z) in 
X, although this can also be verified more directly from the definitions. 

It is easy to see that q' is actually a homeomorphism from Z p onto Y with 
respect to the topology on Y induced by the product topology on X, because 
the open sub- rings pP Z p of Z p form a local base for the topology of Z p at 0. 
Thus q' defines an isomorphism from Z p onto Y as topological rings, and as 
topological groups with respect to addition in particular. 

8.7 Characters 

If <^> is a continuous group homomorphism from Z p as a topological group with 
respect to addition into the multiplicative group T of complex numbers with 
modulus 1, then there is a positive integer j such that <fr maps pP Z p into the 
set of z G T such that Re z > 0. As usual, this implies that <f> maps pP Z p onto 
the trivial subgroup {1} of T, since this is the only subgroup of T contained 
in the set of z G T with Re z > 0. It follows that <j> can be expressed as the 
composition of the natural quotient homomorphism from Z p onto Z p /pP Z p with 
a group homomorphism from Z p /pP Z p into T. Conversely, the composition 
of the natural quotient homomorphism from Z p onto Z p /pP Z p with a group 
homomorphism from Z p /pP Z p into T is a continuous group homomorphism 
from Z p into T, because pP Z p is an open subgroup of Z p for each positive 
integer j. 

As in Section 8.3, Z p /pP Z p is isomorphic as a ring and hence as a group 
with respect to addition to Z/pP Z for every positive integer j. The group 
of homomorphisms from ZjpP Z into T is isomorphic to ZjpP Z, as discussed 
at the beginning of Section 4.3. Similarly, one can check that the group of 
continuous group homomorphisms from Z p into T is isomorphic to the group 
C p from Section 8.5. More precisely, for each positive integer j, the subgroup 
C p .j of C p described in Section 8.5 corresponds exactly to the group of group 
homomorphisms from Z p into T that send pP Z p to the trivial subgroup { 1 } of 
T. Equivalently, C p j can be identified with the group of group homomorphisms 
from Z/pP Z into T for each j. 

Alternatively, let B(x,y) be the image of the product xy of x,y G Q p in 
Qp/Zp, so that (j)y(x) — B(x,y) defines a group homomorphism from Z p into 
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Qp/Zp for each y G Q p . As in Section 8.5, Q p /Z p is isomorphic to C v = B p /Z 
as a commutative group with respect to addition, which may be considered 
as a subgroup of R/Z, which is isomorphic to the multiplicative group T of 
z G C with \z\ = 1. Thus y leads to a group homomorphism from Z p into 
T, which is easily seen to be continuous, because B(x,y) = when xy £ Z p . 
In particular, B(x, y) — when both x and y are in Z p , which implies that cf) y 
really only depends on the image of y in Q p /Z p . This leads to a homomorphism 
from Qp/Zp = C p into the dual group of Z p , and one can check that this 
homomorphism is actually an isomporhism. 

Similarly, for each x G Z p , y t— > B(x,y) is a group homomorphism from 
Qp into Qp/Zp with respect to addition, whose kernel contains Z p . Thus we 
can identify this homomorphism with a homomorphism from Q p /Z p into itself, 
which leads to a homomorphism from Q p /Z p into T as before. One can check 
directly that every homomorphism from Q p /Z p into T can be represented by 
an element of Z p in this way, using the isomorphism between Q p /Z p and C p 
discussed in Section 8.5. More precisely, remember that C p is the union of the 
groups Cpj = Z/p> Z for j = 1,2,3,..., where C p j C C p j + i for each j. A 
homomorphism on C p is basically the same as a sequence of homomorphisms 
on the Cp.j 's, with the additional condition that the jth homomorphism on 
Cpj be equal to the restriction of the (j + l)th homomorphism on C p .j+i to 
Cpj. The dual of C p .j is isomorphic to Z/p J Z in the usual way, and one 
can use this to get an isomorphism between the dual of Q p /Z p and Z p as a 
group with respect to addition. This also uses the description of Z p in terms 
of coherent sequences in the previous section, where the coherence condition 
corresponds exactly to the compatibility condition for homomorphisms on the 
Cpj's mentioned earlier. In particular, one can use this to show that every 
element of the dual of C p = Q p /Z p can be represented in terms of y M- B(x, y) 
for some x G Z p , as before. Moreover, one can check that this isomorphism 
between the dual of Q p /Z p and Z p is a homeomorphism with respect to the 
usual topology on Z p and the topology on the dual of Q p /Z p as a discrete 
group. 

Of course, <f> y (x) = B(x,y) also defines a homomorphism from Q p as a 
group with respect to addition into Q p /Z p for each y G Q p . If \y\ p = p 3 for 
some integer j, then the kernel of (f> y is equal to p 3 Z pi and otherwise (f> y = 
when y = 0. As before, Q p /Z p is isomorphic to C p = -Bp/Z, which may be 
considered as a subgroup of R/Z = T. This permits <f> y to be interpreted as a 
homomorphism from Q p into T for each y G Q p , and it is easy to see that this 
homomorphism is continuous, because of the previous description of its kernel. 

Conversely, suppose that cf) is a continuous homomorphism from Q p into T. 
As usual, the continuity condition implies that there is an integer I such that 
Re<f>(x) > for every x G p l Z p , and hence that 4>(x) — 1 for every x G p l Z p , 
because {1} is the only subgroup of T contained in the right half-plane. Thus cf) 
is the same as the composition of the natural quotient mapping from Q p onto 
Q p /p l Z p with a homomorphism from Q p /p l Z p into T. If / = 0, then we have 
seen that <fi can be represented by cj) y for some y G Z p , and otherwise one can 
reduce to that case using multiplication in Q p to get that <p can be represented 
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by 4> y for some y G p Z p . 

Remember that p k Z p is a compact subgroup of Q p with respect to addition 
for each integer k, and that every compact subset of Q p is contained in p k Z p 
when — k is sufficiently large. If <f> and ?/> are continuous homomorphisms from 
Q p into T that arc uniformly close to each other on p k Z p for some integer k, 
then (j){x) — ip(x) for every x G p k Z p , by the usual arguments. This simplifies 
the description of the topology on the dual of Q p , so that a pair of continuous 
homomorphisms <fi, if) : Q p — > T are close to each other with respect to this 
topology when (j)(x) — ip(x) for every x G p k Z p for some negative integer k such 
that —k is large. Using this and the discussion in the previous paragraphs, it 
follows that Q p is isomorphic to its dual group, by an isomorphism that is also 
a homeomorphism with respect to the appropriate topologies. 



Chapter 9 

r-Adic integers and 
solenoids 



9.1 r-Adic absolute values 

Let r = {rj}jl 1 be a sequence of positive integers such that rj > 2 for each 

j, and put Ro = 1 and Ri = Yij=i r j f° r cac h positive integer I. Also put 
^(0) = +oo, and for each nonzero integer a, let 1(a) be the largest nonnegative 
integer such that a is an integer multiple of i?/( a ). Equivalently, 1(a) + 1 is the 
smallest positive integer such that a is not an integer multiple of Ri( a )+i when 
a^O. It is easy to see that l(— a) = 1(a), 

(9.1) l(a + b) > min(l(a),l(b)) 
and 

(9.2) l(ab) > max(/(a),/(6)) 
for every a, b E Z. 

Let t = {ti}^ be a strictly decreasing sequence of positive real numbers 

that converges to 0, and put 

(9.3) \a\ r = i I(o) 

for each nonzero integer a, and |0| r = 0. Thus | — a\ r = \a\ r , 

(9.4) \a + b\ r < max(|a| r , |6| r ), 
and 

(9.5) \ab\ r < min(|a| r , |6| r ) 

for every a, b £ Z, by the corresponding statements for 1(a) in the previous 
paragraph. If we put 

(9.6) d r (a, b) = \a — b\ r 
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for each a,b £ Z, then it follows that 

(9.7) d r (a,c) < max(d r (a, b), d r (b, c)) 

for every a,b,c £ Z, and hence that d r (a, b) is an ultrametric on Z. Let us call 
\a\ r the r-adic absolute value of a associated to t = {iz}^ , and d r (a,b) the 
corresponding r-adic metric on Z. 

Suppose for the moment that r = {rj}j2. 1 is a constant sequence, so that 
Tj = ri for each j, and i?j = (ri)' for every I > 0. In this case, (9.2) can be 
improved to 

(9.8) J(a6)>J(a) + f(&) 

for every a,b £ Z. If t^+j < tk U for every k,l >0, then we also get that 

(9.9) \ab\ r <\a\ r \b\ r 

for every a, b £ Z. If ri = p is a prime number, then we have that 

(9.10) l{ab) = 1(a) + 1(b) 

for every a, b £ Z, and \a\ r is the same as the usual p-adic abslolutc value of a 
when ti = p~ l for each I > 0. 

Perhaps the simplest choice of t = {ti}fZo f° r an arbitrary r = {rj}°^ 1 is 
given by i; = l/Ri, which reduces to ij = when = p for each j. However, 
for many purposes the choice of t = {ti}fZo d° cs not reau y matter, because 
the corresponding ultrametrics d r (a,b) on Z will be topologically equivalent 
and invariant under translations. More precisely, suppose that t = {ti}f^ 
and t' = {t;}^ are strictly decreasing sequences of positive real numbers that 
converge to 0, and let d r (a,b) and d' r (a,b) be the corresponding ultrametrics 
on Z, associated to the same sequence r = {^ j^Li- Under these conditions, 
it is easy to see that the identity mapping on Z is uniformly continuous as a 
mapping from Z equipped with d r (a, b) onto Z equipped with d' r (a, b), and as a 
mapping from Z equipped with d' r (a, b) onto Z equipped with d r (a, b). 

9.2 r-Adic integers 

Let r = {rj}°^ 1 and Ri — n'=i r j be as in the previous section, so that Ri Z 
is an ideal in Z as a commutative ring, and Ri+i ZCRjZ for each I. Thus the 
quotient Z/Ri Z is also a commutative ring for each I, and there is a natural 
ring homomorphism from Z/i?j+i Z onto Z/Ri Z. 

Consider the Cartesian product X = YVj^^Z / Ri Z) , whose elements are 
sequences x — {xi}^ with xi £ Z/RiZ for each I. Observe that X is a 
commutative ring with respect to coordinatewise addition and multiplication, 
as well as a compact Hausdorff topological space with respect to the product 
topology associated to the discrete topologies on the finite sets Z/RiZ for each I. 
More precisely, X is a topological ring, since the ring operations are continuous 
with respect to the product topology on X. 
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Let Si(xi,yi) be the discrete metric on Z/i?; Z for each I, so that 5i(xi,yi) 
is equal to 1 when xi ^ yi and to when xi = yi. Let t = {t;}^ ^ e as m tnc 
previous section, and put 

(9.11) $i{xi,yi) = mm(6i(xi,yi),ti-i) = ti-iSi(xi,yi). 
As in Section 1.16, 

(9.12) S(x,y) = max Si(xi,yi) 

defines an ultrametric on X for which the corresponding topology is the same 
as the product topology associated to the discrete topology on Z/i?; Z for each 
I. Equivalcntly, if x ^ y, then 

(9-13) 8{x,y)=ti {Xty) , 

where l(x, y) is the smallest nonnegative integer I such that xi+i ^ yi+i, which is 
the same as the largest nonnegative integer such that Xj = yj for each j < l(x, y). 
If x = y, then we can put l(x, y) = +oo. 

Let qi be the natural quotient ring homomorphism from Z onto Z/i?; Z for 
each I, and put 

(9.14) q(a) = { qi (a)}? =l 

for each a G Z. This defines a ring homomorphism from Z into X , and it is easy 
to see that the kernel of this homomorphism is equal to {0}, because i?; — > +oo 
as I — > oo. One can also check that 

(9.15) 5(q(a),q(b)) = d r (a,b) 

for every a, b G Z, where d r (a, b) is as in (9.6). More precisely, 

(9.16) l(q(a),q(b))=l(a-b) 

for every a, b G Z, where l(a — b) is as defined in the preceding section. 

As before, x — {xf\fl 1 G X is said to be a coherent sequence if xi is the 
image of xi+i under the natural homomorphism from Z/i?; + i Z onto Z/i?; Z 
for each L It is easy to see that the collection Y of coherent sequences in X is 
a closed sub-ring of X, and that q(Z) C Y. One can also check that Y is equal 
to the closure of q(Z) in X. 

Of course, X is complete as a metric space with respect to 6(x,y), since it 
is compact. This can also be verified more directly from the definitions, and it 
follows that Y is complete as a metric space with respect to the restriction of 
6(x, y) to x, y G X as well, because Y is closed in X. Thus the completion Z r of 
Z as a metric space with respect to the r-adic metric d r (a, b) can be identified 
with Y with the restriction of 5(x, y) to x, y G Y. The elements of Z r may be 
referred to as r-adic integers. 

The identification of Z r with Y shows that addition and multiplication of 
integers can be extended in a nice way to r-adic integers, so that Z r is a compact 
topological ring. The r-adic metric d r (a, b) has a nice extension to an ultrametric 
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Z r too, which corresponds to S(x, y) on Y. Similarly, the r-adic absolute value 
\a\ r can be extended to Z r , with properties like those discussed in the previous 
section. Although the r-adic absolute value and metric depend on the choice 
of t — {ti}"j*L , different choices of t leads to equivalent completions Z r of Z 
as a topological ring. In particular, the definition of Y in terms of coherent 
sequences does not depend on the choice of t. 

Let k be a positive integer, and let Yk be the set ofy = {yi}^Zi G Y such that 
yk = in Z/Rk Z. This implies that yi = in Z/Ri Z when I < k, because of 
the coherence condition. It is easy to see that Yk is a closed ideal in Y, which is 
also relatively open in Y. Equivalently, Yk is the same as the closure of q(Rk Z) 
in X, and one can check that Y/Yk is isomorphic as a ring to Z/Rk Z. 

Let H be Haar measure on Y, normalized so that H(Y) = 1. Observe that 

(9.17) H(Y k ) = l/R k 

for each positive integer k, because Y can be expressed as the union of Rk 
pairwise-disjoint translates of Yk . If t\ = 1/ Ri for each I > 0, then one can verify 
that H is the same as the 1-dimensional Hausdorff measure on Y corresponding 
to the ultrametric 5(x,y) on Y. Alternatively, a translation-invariant Haar 
integral can be defined for continuous real or complex-valued functions on Y 
by approximation by suitable Ricmann sums, and Haar measure on Y can be 
derived from this using the Riesz representation theorem, as usual. 

Suppose that is a continuous group homomorphism from Y as a group with 
respect to addition into the multiplicative group T of complex numbers with 
modulus equal to 1. Continuity of <p at G Y implies that there is a positive 
integer k such that Recj)(y) > for every y e Yk, and hence that <f>(y) = 1 
for every y e Yk, because {1} is the only subgroup of T contained in the right 
half-plane. Thus <j> can be expressed as the composition of the natural quotient 
mapping from Y onto Y/Yk — Z/RkZ with a homomorphism from Y / Yk into 
T, and conversely any homomorphism from Y into T of this type is continuous. 

More precisely, for each nonnegative integer /, let B r ^ be the subgroup of 
the group Q of rational numbers with respect to addition consisting of rational 
numbers of the form a/Ri, where a is an integer. Thus B r $ — Z and B r i C 
B r j + i for each I > 0, amd we put B r = \J^1 B r j, which is also a subgroup of 
Q with respect to addition. Similarly, put C r j — B r ^/Z and C r = B r /Z, so 
that C T .i C C r ,z+i C C r for each I and C r = Uto C r ,i- One can check that the 
dual of Y = Z r is isomorphic to C r as a discrete group, and that the dual of C r 
is isomorphic to Y. 

9.3 Some solenoids 

Let us continue with the notations and hypotheses in the previous two sections. 
Of course, Ri Z is a subgroup of the real line R as a group with respect to 
addition for each nonnegative integer I. The quotient R/i?; Z can be defined as 
a group as well as a topological space and even a 1-dimensional smooth manifold, 
which is equivalent to the unit circle T in the usual way. 
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Let X be the Cartesian product P3^ (It/ i?/ Z), so that X consists of the 
sequences x — {xi}f^ such that xi G R/i?;Z for each I > 0. Thus X is 
a commutative group with respect to coordinatewise addition, and a compact 
Hausdorff topological space with respect to the product topology associated to 
the quotient topology on R/i?; Z for each I. It is easy to see that the group 
operations on X are continuous, so that X is a topological group, which is 
isomorphic to the product of a sequence of copies of the unit circle T. 

Because i?;+i = i?; rj+i and hence i?;+i Z C i? ; Z for each I > 0, there is a 
natural group homomorphism from R/i?; + i Z onto R/i?; Z. The kernel of this 
homomorphism is equal to Ri Z/i?; + i Z = Z/r; + i Z as a subgroup of R/i?; + i Z. 
This homomorphism is also a local diffeomorphism from R/i?; + i Z onto R/i?; Z 
as 1-dimensional smooth manifolds^ 

Let us say that x = {xi}fl £ X is a coherent sequence if xi is the image of 
xi + i under the natural homomorphism from R/i?; + i Z onto R/i?; Z described 
in the preceding paragraph for each I > 0. It is easy to see that the collection 
Y of coherent sequences in X is a closed subgroup of X. 

Let 5; be the canonical quotient mapping from R onto R/i?; Z for each Z > 0, 
which is both a group homomorphism and a local diffeomorphism from R onto 
R/i?; Z as 1-dimensional smooth manifolds. Put 

(9.18) q(a) = {®(a)}£ 

for each a G R, so that q is a group homomorphism from R into X which is 
also continuous with respect to the product topology on X mentioned earlier. 
It is easy to see that the kernel of q is trivial, and hence that q is one-to-one, 
because Ri — > oo as I — > oo. 

By construction, q(a) is a coherent sequence for each a G R, so that <f(R) C 
Y. If y G y and A: is a nonnegative integer, then there is an a G R such that 
<7A;(a) = yk, which implies that qi(a) = yi for each I < k, by coherence. This 
shows that Y is the closure of <?(R) in X. In particular, it follows that Y is 
connected, since the closure of a connected set is connected. 

Let k be a nonnegative integer, and let Y]~ be the set^of y G Y such that 
yk = in R/i?fe Z. Note that Yfc is a closed subgroup of F, and that yi = in 
R/i?; Z when y G Yk and Z < k, by coherence. If y G Y , then y = in R/Z, 
and hence yi G Z/i?; Z for each Z > 1, again by coherence. Thus y' — {yi}^ 
is an element of the compact commutative topological group Y defined in the 
previous section, and it is easy to see that y M> y' is an isomorphism between 
Yq and Y = Z r as topological groups. Under this isomorphism, Yk corresponds 
exactly to the subgroup Yk of Y discussed in the previous section for each 
positive integer k. 

Let 7Tfc be the fcth coordinate projection from X onto R/i?fe Z for each k > 0, 
so that TTk(x) — Xk for every x — {xi}^ G X. Thus 7Tfe is a continuous 
homomorphism from X onto R/Rk Z, and it is easy to see that TTk(Y) = R/i?fe Z 
too. Note that the kernel of the restriction of iTk to Y is equal to Yk- 

Suppose that <f> is a continuous homomorphism from Y" into the multiplicative 
group T of complex numbers with modulus equal to 1 . Because <j) is continuous 
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at 0, there is a nonnegative integer k such that Re^(y) > for every y € 
which implies that (j)(Yk) = {1}, as usual. Under these conditions, one can 
check that <f) is the composition of the restriction of 7Tfe to Yk with a continuous 
homomorphism from R/i?feZ onto T. Conversely, every homomorphism from 
Y into T of this form is continuous. 

As in the previous section, let B r ^ be the subgroup of Q with respect to 
addition consisting of integer multiples of 1/Rk, and put B r — U^L -B r ,fc- Using 
the discussion of continuous homomorphisms from Y into T in the preceding 
paragraph, one can show that the dual of Y is isomorphic to B r . Similarly, one 
can show directly that the dual of B r is isomorphic to Y, by parameterizing the 
dual of B r : k by R/Rk Z for each k. Of course, B r k is isomorphic as a group to 
Z for each k, and R/Rk Z is isomorphic as a topological group to R/Z, but one 
should be a it careful about how they fit together to get B r and Y. 

9.4 Complexification 

Again we continue with the notation and hypotheses in the previous sections. 
Let us now consider the complex plane C as a commutative topological group 
with respect to addition, which contains the real line R as a closed subgroup, 
and also Ri Z for each nonnegative integer I. The quotient C/i?;Z may be 
considered as a topological group as well as a Riemann surface. The complex 
exponential function determines a homomorphic group isomorphism between 
C/Z and the multiplicative group of nonzero complex numbers, and similarly 
C/Ri Z is equivalent to C\{0} for each I. 

Let X c be the Cartesian product J|^ (C/i?; Z), which is the set of all 
sequences x = {xi}f^ with xi s C/RiZ for each I > 0. As usual, X c is 
a commutative topological group with respect to coordinatewise addition and 
the product topology associated to the quotient topology on C/Ri Z for each I. 
However, X c is not locally compact, because C/RiZ is not compact for any I. 
Note that X as defined in the preceding section may be considered as a closed 
subgroup of X c . 

As before, there is a natural homomorphism from C/Ri + iZ onto C/i?;Z 
for each I. because Ri+i Z C R[ Z. This homomorphism is also a holomorphic 
local diffeomorphism from C/Ri+i Z onto C/RiZ as Riemann surfaces for each 
/. The kernel of this homomorphism is equal to Ri Z/Ri + \ Z = Z/r; + i Z as a 
subgroup of C/Ri+i Z. 

A sequence x — {xi}f^ Q G X c is said to be a coherent sequence if xi is the 
image of under the natural homomorphism from C/Ri+i Z onto C/Ri Z for 
each I, and the collection Y c ^ of coherent sequences in ^^is a closed subgroup 
of X c . Note that the set Y of coherent sequences in X is the same as the 
intersection of Y c with X. Of course, C/i?;Z is isomorphic as a topological 
group to the product of TL/Ri Z and R for each I, and similarly Y c is isomorphic 
as a topological group to the product of Y and R. In particular, Y c is locally 
compact, because Y is compact and R is locally compact. 
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Let 5p be the canonical quotient mapping from C onto C/Ri Z for each I, 
which is a group homomorphism and a holomorphic local diffcomorphisni from 
C onto C/Ri Z as Riemann surfaces for each I. Put 

(9.19) 5 C (a) = {9p(«)}£o 

for each a £ C, which defines a continuous group homomorphism Jrom C into 
X c . More precisely,^^ is a one-to-one mapping from C into Y c , and the 
closure of ^(C) in X c is equal to Y c . This is basically the same as for Y, 
because Y c is isomorphic to Y x R as a topological ^group. 

Let 7rjp be the fcth coordinate projection from X c onto C/i?feZ for each 
nonnegative integer k, which sends x — {xi}f!L £ X c to Xk- Note that 
n^(Y c ) = C/RkZ for each k, and that the kernel of the restriction of 7rJP 
to Y c is equal to the subgroup Yk of Y C F c defined in the previous section. 

Suppose that is a continuous homomorphism from Y c into the group 
C\{0} of nonzero complex numbers with respect to multiplication. As usual, 
continuity of at implies that there is a nonnegative integer k such that 

(9.20) |0(y)-l|<l/2 

for every y £ Yk, and hence that </>(!& ) = {1}, because 0(Yfe) is a subgroup of 
C\{0}. Using this, one can check that <fi is the composition of the restriction of 
7rjp to Y c with a continuous homomorphism tfik '■ C/Rk Z -4- C\{0}. Thus 

(9.21) ^og C = ^o^og c = ^ogC, 

so that (poq c is holomorphic as a mapping from C into C\{0} if and only if <fik 
is holomorphic as a mapping from C/Rk Z as a Riemann surface into C\{0}. 

Of course, the continuous homomorphisms from T into C\{0} all map T 
into itself, and are of the form z i— > z J for some integer j. Similarly, z t-¥ z 3 
defines a holomorphic homomorphism from C\{0} into itself for each integer j, 
and every holomorphic homomorphism from C\{0} into itself is of this form. 
Because C/RkZ is holomorphically isomorphic to C\{0} for each k, one can 
use this to characterize the continuous homomorphisms <f> : Y c — > C\{0} such 
that o q : C — > C\{0} is holomorphic. In particular, every continuous 
homomorphism from T into itself has a unique extension to a holomorphic 
homomorphism from C\{0} into itself, and every continuous homomorphism 
from Y into T has a unique extension to a continuous homomorphism from Y c 
into C\{0} whose composition with g° is holomorphic. 
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10.1 Compactifications and duality 

Let A and B be commutative topological groups, and let h be a continuous 
homomorphism from A into B. Also let A, B be the corresponding dual groups 
of continuous homomorphisms from A, B in T, respectively. If is a continuous 
homomorphism from B into T, then (f> o h is a continuous homomorphism from 
A into T, and h(4>) = (f> o h defines a homomorphism from B into A, as in 
Section 7.4. We shall be especially interested in the case where h(A) is dense 
in B, which implies that h is one-to-one. Let us also restrict our attention from 
now on to the case where B is compact, so that B is discrete. 

Conversely, jet Cd be a subgroup of A, equipped with the discrete topology. 
Thus the dual Cd of Cd consists of all homomorphisms from Cd into T, and is 
compact with respect to the usual dual topology. If a G A and <f> G Cd, then put 

(10.1) * o (0)=0(a), 

as in Sections 4.5 and 7.4. It is easy to see that \I/ a defines a homomorphism 
from Cd into T for each a G A, which is automatically continuous, since Cd is 
discrete. As usual, a n> <]> defines a homomorphism from A into Cd, basically 
because each <fr G Cd is a homomorphism on A. Note that a H- is continuous 
as a mapping from A into Cd, with respect to the usual dual topology on Cd- 
This uses from the fact that (10.1) is continuous as a function of a 6 A for each 
4> G Cd, since C A. If Cd separates points in A, then a i-> <I/ a is injective as 
a mapping from A into C^. 

Let B be the subgroup of B — Cd consisting of homomorphisms from Cd 
into T of the form \P a for some a G A, and let B\ be the closure of B\ in 
Cd- We__would like to check that B\ — Cd, so that Bo is dense in Cd- Of 
course, Cd/B\ is a compact commutative topological group. If Cd/Bi is not 
the trivial group, then there is a nontrivial homomorphism from Cd/B\ into 
T. This would imply that there is a nontrivial homomorphism from Cd into T 
whose kernel contains B\, by composing the previous homomorphism with the 
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standard quotient mapping from Cd onto Cd/Bi. However, we have seen that 
every continuous homomorphism from Cd into T corresponds to evaluation at 
some (f> E Cd- If evaluation at (f> E Cd contains B\ in its kernel, then (10.1) 
is equal to 1 for every a E A, and hence cj> is the trivial character on A. It 
follows that there is no nontrivial continuous homomorphism from Cd into T 
that contains B\ in its kernel, as desired. 

As a basic class of examples, take A = Z and B = T. Let z be an element of 
T, and put h z (j) — 'J for each j E Z. This defines a homomorphism from Z into 
T, and every homomorphism from Z into T is of this form. Of course, h z (Z) 
is a finite subgroup of T when z corresponds to an angle which is a rational 
multiple of ir, and it is well known that h z (Z) is dense in T otherwise. In this 
situation, A = T. B = Z, and the dual homomorphism h z maps B onto the 
subgroup of A generated by h z as an element of A. 

10.2 Almost periodic functions 

Let A be a commutative topological group again, and let Cb(A) be the space 
of bounded continuous complex-valued functions / on A, equipped with the 
supremum norm ||/|| sup . Put 

(10.2) f a (x) = f(x + a) 
for each a, x E A and / E Cb(A), and 

(10.3) T(f) = {f a : a e A}, 

which is a subset of Cb(A). If T(/) is totally bounded in Cb{A) with respect to 
the supremum norm, then / is said to be almost periodic on A. Equivalently, / 
is almost periodic on A if the closure T(f) of T(f) in Cb(A) is compact, since 
Cb(A) is complete with respect to the supremum norm. 

If / is constant on A, then f a = f for each a E A, T(f) = {/}, and / is 
obviously almost periodic. Similarly, if / is a continuous homomorphism from 
A into T, then f a = f(a) f for each a E A, and it is easy to see that / is almost 
periodic on A, basically because the unit circle is compact. If A is compact, 
then every continuous function / on A is uniformly continuous, which implies 
that a i-> f a is continuous as a mapping from A into Cb(A). It follows that T(f) 
is a compact set in Cb(A) in this case, and hence that / is almost periodic. 

If E, E' are totally bounded subsets of Cb(A), then it is easy to see that 

(10.4) E + E' = {g + g' : 9 EE, g' E E'} 
and 

(10.5) E-E' = {gg' :g&E,g' EE'} 

are totally bounded in C& (A) as well. This uses the continuity of addition and 
multiplication on Cb(A), and the fact that totally bounded sets in Cb(A) are 
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bounded in the second case. It follows that sums and products of almost periodic 
functions on A are almost periodic, since 

(10.6) T(f + /') C T(f) + T(f') 
and 

(10.7) T(ff')CT(f)-T(f) 

for every /, /' G C\(A). Thus the space AV(A) of almost periodic functions on 
A is a subalgebra of Cb(A), and one can also check that AV(A) is a closed set in 
Cb(A) with respect to the supremum metric. Note that the complex conjugate 
of an almost periodic function on A is almost periodic too. 

If E C Cb(A) is any totally bounded set with respect to the supremum norm, 
then E is equicontinuous at 0, in the sense that for each e > there is an open 
set U C A such that G U and 

(10.8) \g(x) - g(0)\ < e 

for every x G U and g G E. More precisely, if E is totally bounded in Cb(A), 
then the elements of E can be approximated uniformly on A by finitely many 
continuous functions. This permits the equicontinuity of E at to be derived 
from the continuity of finitely many functions at 0, by standard arguments. In 
particular, if / G AV(A), then this can be applied to E = T(f), to get that / 
is uniformly continuous on A. 

Let B be another commutative topological group, and suppose that h is 
a continuous homomorphism from A into B. Observe that the mapping from 
g G Cb(B) to g o h G Cb(A) is a bounded linear mapping with respect to the 
supremum norms on Cb(A) and Cb(B), with operator norm equal to 1, since 
constant functions on B are sent to constant functions on A with the same 
constant value. If h(A) is dense in B, then g (->• g o h is an isometric linear 
embedding of Cb(B) into Cb(A). At any rate, if E C Cb(B) is totally bounded 
with respect to the supremum norm, then it follows that the set 

(10.9) E h = {goh:geE} 

is totally bounded in Cb(A) with respect to the supremum norm. 

If g G C\(B) is almost periodic on B, then it is easy to see that go ft, is almost 
periodic on A. More precisely, let E be the set of translates of g on B, which 
is totally bounded in Cb(B) by hypothesis. Thus the set Eh of compositions of 
elements of E with h is totally bounded in Cb(A), as in the previous paragraph. 
Because h : A — > B is a homomorphism, every translate of g o h on A can be 
expressed as the composition of a translate of g on B with h. This implies that 
the collection of translates of g o h on A is a subset of Eh , and hence that the 
collection of translates of g o h on A is totally bounded in Cb(A), as desired. 

If B is compact, then every continuous function on B is almost periodic, as 
before. In this case, we have also seen that every continuous function on B can 
be uniformly approximated by finite linear combinations of characters on B. 
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It follows that if g is a continuous function on B, then g o h can be uniformly 
approximated on A by finite linear combinations of characters on A. 

Conversely, let / be any almost periodic function on A, and let K be the 
closure of T(f) in Cb(A). Thus K is compact with respect to the supremum 
metric on Cb(A). If r G A, then consider the mapping that sends g G Cb(A) to 
its translate g r (x) = g(x + r). This is an isometric linear mapping from Cb(A) 
onto itself for each r G A, which sends f a to f a+r for each a G A. It follows that 
g M> g r sends T(f) onto itself for each r G A, which implies that it also sends 
K onto itself for each re A 

We have seen that / is uniformly continuous on A, so that for each e > 
there is an open set U(e) C A such that € U(e) and 

(10.10) \f(x + y)-f(x)\<e 

for every iti and y £ U(e). This implies that each translate f a of / satisfies 
the same condition, so that 

(10.11) \f a (x + y)-f a (x)\<e 

for every a, x G A and y G f/(e). Similarly, if g G then 

(10.12) \g(x + y)-g(x)\<e 

for every x G A and j/ G f (e). This shows that the functions in K are uniformly 
equicontinuous on A. 

As before, g n> g r defines a linear isometry from Cb(A) onto itself for each 
r G A. More precisely, the collection of linear isometries from C& (A) onto itself 
is a group with respect to composition, and the mapping from r G A to g i-> gy 
is a homomorphism from A into this group. We have also seen that g i— > <jy 
maps iiT onto itself for each r G A, so that we get a homomorphism from A into 
the group X(K) of isometries from K onto itself, with respect to the restriction 
of the supremum metric on Cb(A) to K. 

As in Section 3.14, T(K) is a compact topological group with respect to an 
appropriate metric, which is the supremum metric on the space of continuous 
mappings from K into itself. It is easy to see that the homomorphism from 
A into I{K) described in the preceding paragraph is continuous with respect 
to this metric, because of the uniform equicontinuity of the elements of K as 
functions on A. Let B be the closure of the image of A in X{K) under this 
homomorphism, which is a compact commutative group with respect to the 
induced topology. 

Put \(g) = g(0) for each g G Cb(A), which is a bounded linear functional on 
Cb{A). In particular, the restriction of A to K is a continuous function on K 
with respect to the supremum metric. Remember that / G T( f) C K , so that 
if R G 1(K), then R(f) G K too. The mapping from R G 1(K) to R(f) G K 
is continuous with respect to the corresponding supremum metrics on K and 
1(K), and hence 

(10.13) A(R) = X(R(f)) = (R(f))(0) 
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is a continuous function on 1{K). If wc apply this to the R G %(K) that 
corresponds to g i— > g r for some r <E A, then we get that 

(10.14) A(R) = (J2(/))(0) - / r (0) = /(r). 

This shows that / can be expressed as the composition of the continuous function 
A on B with the natural continuous homomorphism from A into B. It follows 
from this and the earlier discussion that / can be uniformly approximated by 
finite sums of characters on A, because B is compact. 

10.3 Spaces of continuous functions 

Let X, Y be (nonempty) topological spaces, and suppose that h is a continuous 
mapping from X into Y. Remember that the spaces Cb(X), Cb(Y) of bounded 
continuous complex- valued functions on X, Y, respectively, are commutative 
Banach algebras with respect to pointwise addition and multiplication and the 
corresponding supremum norms. If g G Cb(Y), then g o h G Cb(X), and in fact 
g i ^ goh defines a bounded linear mapping from Cb(Y) into Cb(X) which is also 
an algebra homomorphism. More precisely, the operator norm of this mapping 
with respect to the supremum norms on Cb(X), Cb(Y) is equal to 1, as one can 
see by considering constant functions g on Y. 

If h(X) is dense in Y, then g i-> g o h is an isometric linear mapping from 
Cb{Y) into Cb{X). In this case, 

(10.15) {g o h : g e C b (Y)} 

is actually a closed subalgebra of Cb(X) with respect to the supremum norm. 
More precisely, (10.15) is complete with respect to the supremum norm on X 
under these conditions, because Cb(Y) is complete with respect to the supremum 
norm on Y. This implies that (10.15) is a closed set in Cb(X) with respect to 
the supremum norm, by standard arguments. 

Now let A be any closed subalgebra of Cb(X) that contains the constant 
functions. Thus A is also a commutative Banach algebra, and the constant 
function lx on X equal to 1 at each point is the multiplicative identity element 
in A. If A is a homomorphism from A into the complex numbers such that 
A(/) 7^ for some / G A, then X(lx) = 1, and A is a bounded linear functional 
on A with respect to the supremum norm, with dual norm equal to 1. Let 
Hi (A) be the collection of nonzero complex homomorphisms on A, which is a 
subset of the unit ball of the dual A* of A as a Banach space. As before, Hi(A) 
is a closed set in A* with respect to the weak* topology, and hence is compact 
with respect to the weak* topology, by the Banach- Alaoglu theorem. 

If p e X, then 

(10.16) A p (/) = f(p) 

defines a nonzero complex homomorphism on Cb(X), and the restriction of X p to 
A is an element of Hi (A) ■ Consider the mapping from p G X to the restriction of 
X p to A, as a mapping from X into Hi (A). It is easy to see that this mapping is 
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continuous with respect to the weak* topology on %i(A) C A* , because (10.16) 
is a continuous function of p for each / G C'b(X). Of course, this mapping from 
X into Hi(A) is injective if and only if A separates points on X. 

Note that a bounded continuous function / on X is invertible in Cb(X) if 
and only if f(x) ^ for each x G X and 1/ f(x) is bounded on X. Equivalently, 
/ is invertible in Cb(X) when there is a 5 > such that \f(x)\ > S for every 
x € X. Suppose that A has the additional property that for each / G A, the 
complex conjugate / of / is an element of A as well. In this case, if / G A 
is invertible in Cb(X), then 1/f G A too. Indeed, if / G A, then / G A, and 
hence \f\ 2 G A. If / is invertible in Cb(X), then |/| 2 is also invertible in Cb(X), 
and 1// = //|/| 2 . Thus it suffices to show that 1/|/| 2 G A, which basically 
means that one can reduce to the case of positive real- valued functions on X. 
If 1/0*01 < 1 for each x £ X, then the supremum norm of 1 — \f(x)\ 2 is strictly 
less than 1 when / is invertible on X , which implies that 

(10.17) l/l 2 = 1 - (1- |/| 2 ) 

is invertible in A, as desired. Of course, it is easy to reduce to the case where 
the supremum norm of / is equal to 1. 

Let Hi(A, X) be the subset of T-L\{A) consisting of the restrictions of X p to 
A, for each p G X . If A is invariant under complex conjugation, then 7ii{A, X) 
is dense in %i(A) with respect to the weak* topology on .4*. Otherwise, suppose 
that A G T-L\{A) is not in the weak* closure of Hi(A, X). This means that there 
are finitely many elements fi,.-.,f n of A and an r > such that 

(10.18) max |A(/,) - A p (/,)| >r 

l<j<n 

for each p (E X. Put Qj(x) = fj(x) — X(fj) lx(x) for j = 1, . . . , n, so that 

(10.19) \( 9j ) = A(/,) - X(fj) X(lx) = X(fj) Kf 3 ) = 

for each j. Of course, X p (fj) = fj(p) for each p£l and j = 1, . . . ,n, and hence 

(10.20) max\ gj (p)\>r 

l<]<n 

for each p G X, by (10.18). Observe that 

n n 

(10.21) ^) = Ei^^)i 2 = E^^)^) 

3=1 3=1 

is an element of A, because gj G A for each j = 1, . . . , n, and thus ~g~j G ^4 for 
each j = 1, . . . , n too. It is easy to see that X(g) = 0, using (10.19) and the fact 
that A is a homomorphism on A. However, (10.20) implies that \g(p)\ 2 > r 2 for 
each p G X, so that g is invertible in Cb(X), and hence g is also invertible in A, 
as in the previous paragraph. This is a contradiction, because the invertibility 
of g in A implies that X(g) ^ 0. 
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In particular, Hi(A, X) is dense in Hi(A) with respect to the weak* topology 
when A = Cb(X), in which case T-Ci(A) is the Stone-Cech compactification of 
X. Suppose for the moment that X is compact, so that Cb(X) is the same as 
the algebra C(X) of all complex-valued continuous functions on X . As before, 
the mapping from p G X to X p as in (10.16) is continuous with respect to the 
weak* topology on C(X)*. If X is compact, then it follows that the set of X p 
with p G X is compact in C(X)* with respect to the weak* topology. This 
implies that every nonzero complex homomorphism on C(X) is of the form X p 
for some pel when X is compact, because the set of these homomorphisms 
on C(X) is dense in the set of all nonzero complex homomorphisms on C(X) 
with respect to the weak* topology on C(X)*, as before. 

Let A be a closed subalgebra of Cb(X) that contains the constant functions 
and is invariant under complex conjugation again, where X is not necessarily 
compact. If A is any nonzero complex homomorphism on Cb(X), then the 
restriction of A to A is a nonzero complex homomorphism on A. This defines 
a mapping from %i(Cb(X)) into T-L\(A) 1 which is continuous with respect to 
the weak* topologies on Cb(X)* and A*. Because Hi(Cb(X)) is compact with 
respect to the weak* topology on Cb(X)*, it follows that the set of complex 
homomorphisms on A that are restrictions of nonzero complex homomorphisms 
on Cb(X) to A is compact with respect to the weak* topology on A* . Of course, 
X p G Hi(Cb(X)) for each p G X, and the set Hi(A,X) of the restrictions of 
the Ap's to A is dense in %\(A) with respect to the weak* topology on A*, 
as before. Thus the set of restrictions of nonzero complex homomorphisms on 
Cb(X) to A is also dense in TLi(A) with respect to the weak* topology on A*. 
This shows that every nonzero complex homomorphism on A can be obtained 
from the restriction of a nonzero complex homomorphism on Cb(X) to A under 
these conditions, because the set of these restrictions is both dense and compact 
in Hi (A) with respect to the weak* topology on A*. In particular, if X is 
compact, then every nonzero complex homomorphism on A can be expressed as 
the restriction of A p to A for some p G X. 

Note that the closed subalgebra A of Cb(X) given by (10.15) contains the 
constant functions on X and is invariant under complex conjugation when h is 
a continuous mapping from X onto a dense subset of a topological space Y. 

10.4 The Bohr compactification 

Let A be a commutative topological group again, and let A be the dual group 
of continuous homomorphisms from A into T, as usual. To be precise, let Ad 
be A as a commutative group equipped with the discrete topology. Thus the 

dual B = (Ad) of Ad as a discrete group is a compact commutative topological 
group in a natural way. As in Section 10.1, the mapping from a G A to 
defined in (10.1) is a continuous homomorphism from A onto a dense subgroup 
of B 7 which is injective exactly when A separates points on A. This group B is 
known as the Bohr compactification of A. 
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Of course, if A is compact, then B is the same as the second dual of A, and 
the mapping from a G A to ^ a is an isomorphism from A onto B. Conversely, 
if the mapping from a G A to ^ a is a homcomorphism from A onto £?, then 
A is compact. Suppose for the moment that the mapping from a G A to "1^ 
is a homcomorphism from A onto its image in B, with respect to the induced 
topology. If A is complete in the sense discussed in the next chapter, then it 
would follow that the image of A in B is complete as well. This would imply 
that the image of A in B is a closed subgroup of B, and hence is equal to B, 
because the image of A is dense in B. As before, this would mean that A should 
be compact under these conditions. In particular, the completeness property of 
A used here holds when A is locally compact, and when A is metrizable and 
complete with respect to a translation-invariant metric. 

Let h be the usual homomorphism from A into B, and consider the mapping 
that sends a continuous complex- valued function g on B to g o h G Cb(A). As 
in the previous section, this is a homomorphism from the algebra C{B) of all 
continuous complex- valued functions on B into C& (A) with respect to pointwise 
addition and multiplication, and an isometry with respect to the corresponding 
supremum norms, because h(A) is dense in B. It follows that the image A of 
C(B) in Cb(A) under the mapping g i-> g o h is a closed subalgebra of Cb(A) 
with respect to the supremum norm, which is contained in the algebra AV(A) 

of almost periodic functions on A, as before. Because B = (Ad), the dual of B 
can be identified with Ad in the usual way. Thus characters on A correspond 
to characters on B by construction, which implies that characters on A are 
contained in A. This shows that A = AP(A), because finite linear combinations 
of characters on A are dense in AV(A), as in Section 10.2. 

Each element of B determines a nonzero homomorphism from C(B) into C, 
as in the previous section, and conversely every nonzero complex homomorphism 
on C(B) is of this form. It follows that B can also be identified with the set 
of nonzero complex homomorphisms on AV(A) 1 since C(B) is isomorphic to 
AV(A) as a Banach algebra. One can show more directly that nonzero complex 
homomorphisms on AT (A) determine characters on Ad, using the fact that 
characters on A are almost periodic. 
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11.1 Directed systems and nets 

A nonempty partially-ordered set (I, -<) is said to be a directed system if for 
every finite collection i\, . . . , i n of elements of / there is a j S / such that ik ~< j 
for each k = 1, . . . , n. A net {xi} ie j of elements of a set A indexed by / is 
basically the same as a function defined on I with values in A, which associates 
to each i G I an element Xi of X. If A is a topological space, then a net {xi}i<=i 
of elements of A is said to converge to x G A if for each open set U in A with 
x <EU there is an i(£/) G J such that 

(ll.l) xj e [/ 

for every j £ I that satisfies i(C7) -< j. If / = Z + with the standard ordering, 
then this reduces to ordinary convergence of sequences. It is easy to see that 
the limit of a convergent net in a Hausdorff topological space is unique. 

Let A be a topological space, let p be an element of A, and let B(p) be a local 
base for the topology of A at p. Thus B(p) is a collection of open subsets of A, 
each of which contains p as an element, and if V is any other open set in A that 
contains p as an element, then there is an element U of B(p) such that U C V. 
Also let -< be the partial ordering on B(p) corresponding to reverse- inclusion, so 
that U <W when U, W e B{p) satisfy W C U. UU u ...,U n are finitely many 
elements of B(p), then f]" =1 Uj is an open set in A that contains p, and hence 
there is an element W of B(p) such that W C P|J=i Equivalently, C f/j 
for j = 1, . . . , n, which is the same as saying that Uj ~< W for each j, so that 
B(p) is a directed system with respect to -<. 

Suppose that for each U £ B(p), x(U) is an element of U. Under these 
conditions, it is easy to see that {x(U)} Ue g( p ) converges to p as a net of elements 
of A indexed by B(p). If p is an element of the closure of a set E C A, then 
one can choose x(U) so that x{U) G E R [/ for each {/ e S(p). Similarly, if 
there is a countable local base for the topology of A at p, and if p is in the 
closure of E C X, then there is a sequence of elements of E that converges to 
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p. Conversely, if there is a net of elements of E that converges to p in X, then 
p is contained in the closure of E. 

Let Y be another topological space, and let / be a mapping from X into 
Y. If / is continuous at p G X and {xi]i^i is a net of elements of X that 
converges to p, then it is easy to see that {f(xi)}i e i converges to f(p) as a net 
of elements of Y. Conversely, if / is not continuous at p, then there is an open 
set V in Y such that f(p) G V and f(U) % V for every open set U in X that 
contains p as an element. Let B{p) be a local base for the topology of X at p, 
and for each U G B(p) let x{U) be an element of U such that f(x(Uj) £ V. As 
before, {x(U)}u G ^^ converges to p as a net of elements of X indexed by B(p), 
where B(p) is ordered by reverse-inclusion. Of course, {f(%(U))}ueB(p) does 
not converge to f(p) as a net of elements of Y, because f(x(U)) ^ V for every 
U G B(p). Similarly, if there is a countable local base for the topology of X at 
p and / is not continuous at p, then there is a sequence {xj}J^ 1 of elements of 
X that converges to p such that {f(xj)}j2. 1 does not converges to f(p) in Y. 



11.2 Cauchy sequences and nets 

Remember that a sequence {xj}°^L 1 of elements of a metric space (M,d(x,y)) 
is said to be a Cauchy sequence if for each e > there is an L(e) > 1 such that 

(11.2) d( Xj ,xi)<e 

for every j, I > L(e). In particular, it is well known and easy to see that 
convergent sequences in M are Cauchy sequences. If every Cauchy sequence in 
M converges to an element of M, then M is said to be complete as a metric 
space. 

Similarly, a sequence {xj of elements of a commutative topological group 
A is said a Cauchy sequence if for each open set U in A with G U there is an 
L(U)>1 such that 

(11.3) Xj-xi&U 

for every j,l > L(U). As before, one can check that convergent sequences in 
A are Cauchy sequences. If A is a commutative topological group and d(x,y) 
is a translation-invariant metric on A that determines the same topology on 
A, then it is easy to see that a sequence {xj}J^ 1 of elements of A is a Cauchy 
sequence in A as a commutative topological group if and only if {xj}°Z 1 is a 
Cauchy sequence with respect to the metric d(x,y). If every Cauchy sequence 
of elements of A converges to an element of A, then we may say that A is 
sequentially complete. However, if A does not have a countable local base for 
its topology at 0, then it may be appropriate to consider nets in A as well. 

A net {xi}i<=i of elements of a commutative topological group A is said to 
be a Cauchy net if for each open set U C A with G A there is an i(U) G I 
such that 

(11.4) Xj -xiEU 
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for every j, I £ I with i(U) -< j and i(U) -< I. As before, this reduces to 
the previous definition of a Cauchy sequence in A when I = Z+, and one can 
check that convergent nets in A are always Cauchy nets. If every Cauchy net 
of elements of A converges to an element of A, then we say that A is complete 
as a commutative topological group. 

Let Bq be a local base for the topology of A at 0, and let -<o be the partial 
ordering on Bq corresponding to reverse-inclusion, as in the previous section. 
Thus (Bo, -<o) is a directed system, as before. If {xi}i^i is a Cauchy net of 
elements of A indexed by any directed system (I, -<), then for each U £ Bo there 
is an i(U) £ I such that (11.4) holds for every j,l £ I with i(U) -< j, I. Under 
these conditions, one can check that {^i((/)}(/eBo is a l so a Cauchy net in A as a 
net indexed by Bo- Similarly, if {xi(u)}u£B converges to an element x of A, then 
one can verify that {xi]i^i converges to x too. It follows that completeness of 
A can be characterized equivalently by the convergence of Cauchy nets indexed 
by Bo- In particular, if there is a countable local base for the topology of A at 
and A is sequentially complete, then A is complete. 



11.3 Completeness and compactness 

Suppose that if is a compact subset of a commutative topological group A. If 
is a Cauchy net of elements of A such that Xi £ K for every i £ I, then 
we would like to show that {xi} ie i converges in A to an element of K. To do 
this, for each i £ I let Ei be the closure in A of the set of Xj with j £ I and 
i j , i.e., 

(n.5) /•;, {.r,:j /.;-./[. 

Let i\, . . . ,i n be finitely many elements of I, and let I be an element of I such 
that i r -< I for each r = 1, . . . , n. This implies that 

n 

(11.6) EiCf]E ir , 

r=l 

and in particular that Dr=i 0- Thus E i} i £ I, is a family of nonempty 

closed subsets of K with the "finite intersection property", and a well-known 
reformulation of compactness implies that 

(11.7) f]E^9. 

iei 

If x £ Die/ Ei, then one can check that {xj}i e / converges to x in A, as desired. 

Suppose now that A is a locally compact commutative topological group, 
and let {xi}i^i be a Cauchy net of elements of A. Let U be an open set in A 
such that £ U and U is a compact set in A, and let i(U) be an element of I 
such that (11.4) holds for every j,l £ I with i(U) -< j, I. This implies that 



(11.8) 



Xj £ Xi(u) + U C + U 
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for every j £ I with i(U) -< j, where x^jj) + U is also a compact set in A. The 
net consisting of Xj with j € I such that i(U) ~< j is a Cauchy net of elements 
of A contained in the compact set x^u) + U, which converges to an element 
of Xim) + U by the argument in the previous paragraph. It follows that the 
original net {xi}n=i converges to the same element of x^u) + U, and hence that 
A is complete. 

Let B be a commutative topological group, and let A be a subgroup of B. 
If x E B is an element of the closure of A in B, then there is a net {xi}i e i of 
elements of A that converges to x in B, as in Section 11.1. As before, {xi}i e j 
is a Cauchy net in B, and in fact {xi}i & i is a Cauchy net in A as a topological 
group with the topology induced by the one on B. If A is complete, then {xi} ie j 
also converges to an element y of A. Because topological groups are Hausdorff, 
it follows that x = y under these conditions, and hence that x G A. This 
shows that A is a closed subgroup of B when A is complete as a commutative 
topological group with respect to the topology induced by the one on B. If there 
is a countable local base for the topology of B at 0, then one can take I = Z + 
with the standard ordering, and it suffices that A be sequentially complete. In 
particular, if A is locally compact with respect to the topology induced by the 
one on B, then A is complete, as in the preceding paragraph, and hence A is a 
closed subset of B. 

As another application, suppose that A is a dense subgroup of a commutative 
topological group B, and that h is a continuous homomorphism from A into C, 
with respect to the topology on A induced by the one on B. Let x be an 
element of B, and let {xi} ie j be a net of elements of A that converges to x 
in B. As before, {xi}i^i is a Cauchy net of elements of A with respect to the 
topology induced on A by the one on B. Under these conditions, it is easy to 
see that {h(xi)}i e i is a Cauchy net in C. If C is complete, then it follows that 
{h(xi)}i e i converges to an element of C. In particular, this holds when C is 
locally compact. In this case, we would like to define h at x to be the limit of 
{h(xi)}i e i in C. To do this, one should check this value of h(x) does not depend 
on the choice of net of elements of A converging to x. This is not too 

difficult, and it is more pleasant when the nets are indexed by the same directed 
system. One might as well use nets indexed by a local base £> for the topology 
of B at 0, which determines a local base for the topology of B at any point, 
by translation. It is easy to sec that this extension of h is a homomorphism 
from B into C under these conditions. One can also check that this extension 
is a continuous mapping from B into C, using the fact that C is regular as a 
topological space. If there is a countable local base for the topology of B at 0, 
then one can simply use sequences instead of nets, and it suffices for C to be 
sequentially complete. 

11.4 Continuous functions 

Let A be a topological space, and let C(X) be the space of continuous complex- 
valued functions on X. Thus C(X) is a vector space over the complex numbers 



150 



CHAPTER 11. COMPLETENESS 



with respect to pointwise addition and scalar multiplication, and 

(11-9) ||/lk = sup \f(x)\ 

xeK 

is a seminorm on C(A) for each nonempty compact subset K of A. As usual, 
the collection of these seminorms defines a topology on C{X) that makes C{X) 
into a locally convex topological vector space, and a commutative topological 
group with respect to addition in particular. Note that 

(11-10) ||/5lk< 11/lkNk 

for all continuous functions /, g on X and nonempty compact sets K C X. 
Using this, one can check that pointwise multiplication of functions on X defines 
a continuous mapping from C(X) x C(X) into C(X), so that C(X) is actually 
a commutative topological algebra. 

Suppose that {fi}iei is a Cauchy net of continuous complex- valued functions 
on X, as a net of elements of C{X) as a commutative topological group. This 
means that for each nonempty compact set K C X and e > there is an 
i(K, e) G I such that 

(11-11) \\fj-fl\\K<e 

for every j, I G I that satisfy i(K, e) ~< j, I. In particular, {fi(x)}i e i is a Cauchy 
net of complex numbers for each x E X, since one can take K = {x}. It follows 
that {fi{x)}i e i converges to a complex number f(x) for each x G X, because 
C is complete. 

Combining this with (11.11), we get that for each nonempty compact set 
K C X, e > 0, and x G K, 

(11.12) \f 3 (x)-f(x)\<e 

for every j G I such that i(K, e) -< j. This basically says that {fi}iei converges 
to / uniformly on compact subsets of K, which implies that the restriction of / 
to any nonempty compact set K C X is continuous, by standard arguments. If 
/ is continuous on X, then it follows that {/i}i<=j converges to / in C(X). In 
particular, if X is locally compact, then the continuity of / on compact subsets 
of X implies that / is continuous on X . 

Alternatively, let {pr}^L\ be a sequence of elements of X that converges to 
another element p of X, and let K be the subset of X consisting of the p r 's 
with r G Z + and p. It is easy to see that K is compact under these conditions, 
so that the restriction of / to K is continuous, as before. This implies that 
if (Pr)}^Li converges to f(p) as a sequence of complex numbers, which is to say 
that / is sequentially continuous at every point in A. If there is a countable 
local base for the topology of A at each point in A, then it follows that / is 
continuous on A. 

Let A be a commutative topological group, and let A be the dual group of 
continuous homomorphisms from A into the multiplicative group T of complex 
numbers with modulus 1, as usual. It is easy to see that A is a closed set in 
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C(A) with respect to the topology described above with X = A, and that A is a 
topological group with respect to the topology induced by the one on C{A). If 
{4>i}iei is a ne t of elements of A, then one can also check that {^>j} i6 j is a Cauchy 
net in A as a commutative topological group with respect to multiplication if 
and only if {<j)i}iei is a Cauchy net in C{A) as a commutative topological group 
with respect to addition. More precisely, this uses the fact that 

(11.13) \zvj- 1 - 1| = \z- w\ 

for any two complex numbers z, w with modulus equal to 1. It follows that A 
is complete as a commutative topological group with respect to multiplication 
when C(A) is complete as a commutative topological group with respect to 
addition. In particular, this holds when A is locally compact, and when there 
is a countable local base for the topology of A at 0, as before. Of course, the 
latter condition implies that there is a countable local base for the topology of 
A at every point, using translations. 

Now let V be any topological vector space over the real numbers, and let V* 
be the corresponding dual space of continuous linear functionals on V. Thus 
V* may be considered as a linear subspace of the space of all continuous real- 
valued functions on V, and it is easy to see that V* is a closed set with respect 
to the topology defined by the supremum seminorms associated to nonempty 
compact subsets of V. The topology on V* determined by the restriction of the 
supremum seminorms associated to nonempty compact subsets of V to V* is 
the same as the one induced by the corresponding topology on C(V). If C(V) 
is complete as a commutative topological group with respect to addition, then 
it follows that V* is complete as a commutative topological group with respect 
to addition too. As before, this holds in particular when V is locally compact, 
and when there is a countable local base for the topology of V at 0. 

However, it is well known that V is locally compact if and only if it is finite- 
dimensional. Moreover, if V has finite-dimension n, then V is isomorphic as a 
vector space to R™, and any such isomorphism is a homeomorphism as well. Of 
course, V* is also isomorphic to R™ in this case. If V is any vector space over 
the real numbers with a norm, then there is a natural dual norm on V* , as in 
Section 1.11. As before, V* is also complete with respect to the dual norm, but 
the dual norm is stronger than the supremum seminorms on V* corresponding 
to compact subsets of V, except when V is locally compact and hence finite- 
dimensional. Note that there are classes of topological vector spaces V defined 
using inductive limits, for which there is not a countable local base for the 
topology of V at 0, but for which continuity of linear functionals on V can be 
characterized in terms of sequential continuity. This still implies that the dual 
space V* is complete with respect to the topology determined by the collection 
of supremum of seminorms associated to nonempty compact subsets of V, for 
the same reasons as before. 

Let V be a topological vector space over the real numbers again, and let A 
be a continuous linear functional on V. As in Section 4.2, 



(11.14) 



<f>(v) = cxp(z \{v)) 
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is a continuous homomorphism from V as a commutative topological group with 
respect to addition into T, and every continuous homomorphism from V into 
T is of this form. The mapping from A to defines an isomorphism from V* 
as a commutative group with respect to addition onto the dual group V of V 
as a commutative topological group with respect to addition. Let us check that 
this mapping is a homeomorphism with respect to the appropriate topologies 
on V* and V. More precisely, this means the topology on V* determined by 
the collection of supremum seminorms associated to nonempty compact subsets 
of V, and the topology induced on V by the one on C(A) determined by the 
supremum seminorms associated to nonempty compact subsets of V. 

It is easy to see that A t-> (f> defines a continuous mapping from V* onto V. 
Basically, the main point is that if A and A' are continuous linear functionals 
on V that are uniformly close to each other on a compact set K C V, then 
<p = exp(i A) and <p' — exp(i A') are also uniformly close on K, because of the 
continuity of the exponential function. To show that A M> is a homeomorphism 
is a bit more complicated, because exp(z t) is a local homeomorphism from R 
onto T, and not a homeomorphism. In particular, <j) and <$>' are close when A 
and A' are close modulo 2n. To deal with this, let K be a nonempty compact 
set in V, and consider 

(11.15) K = {tv : v G K, t G R, and < t < 1}. 

Remember that scalar multiplication on V defines a continuous mapping from 
RxF into V, because V is a topological vector space. If K C V is compact, 
then [0, 1] x if is compact inRx7 with respect to the product topology, which 
implies that K is compact as well, since K is the image of [0, 1] x K under scalar 
multiplication as a mapping from RxV into V. If 4> and 4>' are uniformly close 
on K, then one can check that A and A' are uniformly close on K, and hence on 
K, using the fact that A(0) = A'(0) = 0. This permits one to show that A M> 
is a homeomorphism from V* onto V, as desired. 

11.5 Filters 

A nonempty collection T of nonempty subsets of a set X is said to be a filter 
on X if it satifies the following two additional conditions. First, 

(11.16) AnBeT 

for every A,B e F. Second, if A G J", E C X, and AC E, then 

(11.17) EeF. 

Similarly, a nonempty collection T* of nonempty subsets of X is said to be a 
pre-filter on X if for every A, B G J 7 * there is a C G T* such that 



(11.18) 



CcAnB. 
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Thus every filter T on X is a pre-filter, with C = An B. Conversely, suppose 
that J 7 * is a pre-filter on X, and consider 

(11.19) J={£CI:iC£for some A G J"*}. 

It is easy to see that J 7 is a filter on X under these conditions, which is the filter 
generated by J 7 *. 

Suppose now that X is a topological space. A filter T on X is said to 
converge to a point p G X if for every open set U in X with p £ U, we have 
that U E J 7 . Note that the limit of a convergent filter on X is unique when X is 
Hausdorff. If p is any element of a set X, then the collection F{p) of all subsets 
of X such that p e £ is a filter on X. If X is a topological space, then this 
filter J-(p) converges toponl. If X is equipped with the discrete topology and 
J 7 is a filter on X that converges to p, then T = J-(p). If X is any topological 
space and p G X , then the collection of all open subsets of X that contain p as 
an element is a pre-filter on X, and the filter on X generated by this pre-filter 
converges to p. 

Let J 7 be a filter on a topological space X that converges to a point p G X, 
and suppose that E £ T . If t/ is an open set in X that contains p as an element, 
then U G J 7 , and hence U C\_E G T. This implies that [/ n E ^ 0, so that p 
is an element of the closure E of E in X. Conversely, suppose that p G £7, so 
that J7 fl £ ^ for every open set U in X with p G U. It is easy to see that 
the collection of subsets of X of the form U n E for some open set U C X that 
contains p as an element is a pre-filter on X, and that the filter on X generated 
by this pre-filter converges to p and contains E as an element. 

Now let (7, -<) be a directed system, and let {xi} ie j be a net of elements of 
a set X indexed by I. Let i be an element of I, and put 

(11.20) Bi = {xi : I G I, i -< I}. 

If i,j G I, then there is a k G I such that i,j -< k, because I is a directed 
system, and hence 

(11.21) BkCBiDBj. 

This implies that the collection of subsets of X of the form Bi for some i G I 
is a pre-filter on X. If X is a topological space, then it is easy to see that the 
filter on X generated by this pre-filter converges to a point pelif and only if 
{xi}i<zi converges top as a net of elements of X. 

Let J 7 be a filter on a set X, and suppose that / C J 7 is a pre-filter on X that 
generates J 7 . Let -< be the partial ordering on I defined by reverse-inclusion, 
so that A -< B when A,B^I and B C A. Observe that (I, -<) is a directed 
system, because I is a pre-filter on X. Let {xs}Bei be a net of elements of X 
indexed by I such that xb G B for every £> G I. If X is a topological space, and 
if T converges as a filter on X to a point pel, then every net of elements of 
X indexed by I of this type also converges to p, because J 7 is generated by I. If 
T does not converge to p, then there is an open set U in X such that p G U and 
U ^ J 7 . This implies that £> £ [/ for each J7 G 7, so that for each Bel there 
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is an xb € B\U. In this case, {xb}b^i is a ne t of elements of A associated to 
T as before, and {xb}bei does not converge to p in X. 

Let X and Y be sets, and let / be a mapping from X into Y. If J 7 is a filter 
on X, then 

(11.22) f.(7) = {ECY: f~\E)} 

is a filter on Y. Equivalently, the collection of subsets of Y of the form f(B) 
for some B E J- is a pre- filter on Y, and /*(J r ) is the same as the filter on Y 
generated by this pre-filtcr. If X and Y are topological spaces, J 7 is a filter on 
X that converges to a point p G X 1 and / : X — > Y is continuous at p, then it is 
easy to see that /*(^ 7 ) converges to f(p) on Y. Conversely, if T is the filter on 
X generated by the pre-filter of all open sets in X that contain p as an element, 
and if f*{T) converges to f(p) in Y, then / is continuous at p. 

A filter J 7 on a commutative topological group A is said to be a Cauchy filter 
if for each open set U in A with £ U there is an E 6 J 7 such that 

(11.23) E - E = {x -y: x,y e E} CU. 

If J 7 converges to a point pel, then it is easy to see that J 7 is a Cauchy filter 
on A. Suppose that {xi} ie i is a net of elements of A, and let T be the filter 
on X generated by the sets Bi with i 6 I as in (11.20). Observe that {xi}i e i is 
a Cauchy net in A if and only if J 7 is a Cauchy filter. Now let F be any filter 
on A, let / C T be a pre-filter that generates J 7 , and let \xb\b^i be a net of 
elements of A indexed by / such that xb £ B for each B £ /. If J 7 is a Cauchy 
filter on A, then {xb}b£I is a Cauchy net in A. If J 7 is a Cauchy filter on A 
and {xb}b&i converges to a point pei, then one can check that T converges 
to p as well. It follows that A is complete in the sense that every Cauchy net 
of elements of A converges to an element of A if and only if every Cauchy filter 
on A converges to an element of A. 

Let h be a continuous homomorphism from A into another commutative 
topological group C. If J 7 is a Cauchy filter on A, then it is easy to see that 
h*{F) is a Cauchy filter on C. In particular, suppose that A is a dense subgroup 
of a topological group B, and let x be any element of B. Let J 7 * be the collection 
of subsets of A of the form U H A, where U is an open set in B that contains 
x as an element. It is easy to see that J 7 * is a pre-filtcr on A, and that the 
filter T on A generated by T* is a Cauchy filter on A. Of course, T* may also 
be considered as a pre-filtcr on B, that generates a filter on B that converges 
to x, as before. At any rate, /i*(J 7 ) is a Cauchy filter on C, which converges 
to an element of C when C is complete. This gives another way to look at 
the extension of h to a continuous homomorphism from B into C when C is 
complete, as discussed at the end of Section 11.3. 

11.6 Refinements 

Let J 7 be a filter on a set A. A filter J 7 ' on X is said to be a refinement of T 
if T C J 7 ' as collections of subsets of A. In particular, T may be considered as 
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a refinement of itself. If X is a topological space and J- converges to a point 
pel, then every refinement of F converges to p too. 

Let J 7 be a filter on a topological space X, and let p be an element of X. If 
there is a refinement T' of T that converges to p, then p £ E for every E £ T' , 
as in the previous section. In particular, p £ E for every E £ T . Conversely, 
suppose that p £ E for every E £ T . Let T* be the collection of subsets of X 
of the form U D E, where U is an open set in X that contains p as an element, 
and E £ T . It is easy to see that T* is a pre-filter on X, and that the filter T' 
generated by J 7 is a refinement of F that converges to p. This shows that there 
is a refinement of F that converges to p £ X if and only if p £ f] EG jr E. 

Let X be a topological space again, and let if be a subset of X. Also let I 
be a nonempty set, and suppose that Ei is a closed set in X for each i £ I. We 
say that {Ei} i£ i satisfies the finite intersection property with respect to K if 

(11.24) Kf]E il C]---f\E in ^$ 

for every finite collection of indices ii,...,i n in I. If {£^} ie j has the finite 
intersection property with respect to K and K is compact, then 

(11.25) A" n ( P| £i) ^ 0. 

To see this, suppose for the sake of a contradiction that K n (Digi-^) = 
which is the same as saying that K C (J igJ (X\£Jj). Thus {X\i?j}j e j is an 
open covering of K in X. If if is compact, then there are finitely many indices 
ii, . . . ,i n £ I such that K C U/Li(^\-^()j contradicting (11.24). Conversely, if 

(11.25) holds for every collection {Ei}i e j of closed subsets of X with the finite 
intersection property with respect to K, then K is compact. Indeed, if {J7,}iej 
is an open covering of K in X for which there is no finite subcovering, then 
the collection of closed sets Ei = X\Ui with i £ I has the finite intersection 
property with respect to K, but (11.25) does not hold. 

Suppose that K C X is compact, and that J 7 is a filter on X that contains 
K as an element. If Ei, . . . , £*„ are finitely many elements of J 7 , then 

(11.26) Kn£i n •■•!-!£„ 

is also an element of J 7 , and hence is nonempty. In particular, 

(n.27) Kr\E\r\---nK^<J), 

so that the collection of closed subsets of X of the form E for some E £ IF has 
the finite intersection property with respect to K. This implies that 

(11.28) ifn(p|£)^0, 

because K is compact, as in the previous paragraph. It follows that there is a 
refinement T' of F that converges to an element of K, as discussed earlier. 



156 



CHAPTER 11. COMPLETENESS 



Conversely, suppose that K C X has the property that every filter T on X 
that contains K as an element has a refinement that converges to an element of 
K, and let us show that K is compact. To do this, let {Ei} ie i be an arbitrary 
collection of closed subsets of X with the finite intersection property with respect 
to K, and let us check that (11.25) holds. Let T* be the collection of subsets 
of X of the form 

(11.29) KnE h n---nE in , 

where i±, . . . , i n are finitely many indices in /. Because {Ei}i e j has the finite 
intersection property with respect to K, subsets of X of the form (11.29) are 
nonempty, and it is easy to see that J 7 * is a pre-filtcr on X. Let T be the filter 
on X generated by J 7 * , and observe that K £ J 7 , by construction. Hence there 
is a refinement T' of T that converges to an clement p of K , by hypothesis. It 
follows that p £ E for every E £ J 7 ' and thus every E £ J 7 , as discussed earlier. 
In particular, p £ Ei for each i £ J, because £7j is a closed set in X, so that 
(11.25) holds, as desired. 

Now let A be a commutative topological group, and let J 7 be a Cauchy filter 
on A. If T' is a refinement of T that converges to a point p E X, then J 7 
converges to p as well. To see this, let W be an open set in A that contains 0, 
and let U and V be open subsets of A that contain and satisfy 

(11.30) U + VCW. 

Of course, the existence of U and V follows from the continuity of addition at 
on A. Because J 7 is a Cauchy filter on A, there is an E £ T such that 

(11.31) E-ECU. 

Similarly, p + V £ J 7 ', because J 7 ' converges to p on A. In particular, p + V £ J 7 , 
so that £n(p+V)eJ too, and hence En(p + V) If x £ £ n (p + V), 
then we get that 

(11.32) ECx + UCp+U + VCp + W. 

More precisely, this uses (11.31) and the fact that x £ E in the first step, the 
fact that x £ p+ V in the second step, and (11.30) in the third step. It follows 
that p + W £ J 7 , so that J 7 converges to p on 1, as desired. 

Let J 7 be a Cauchy filter on A again, and suppose that T contains a compact 
set K C X as an element. As before, there is a refinement IF' of J 7 that converges 
to an element p of K 1 which implies that T converges to p as well. Suppose now 
that A is locally compact, and let U be an open set in A such that £ U and 
U is compact. If J 7 is a Cauchy filter on A, then there is an E £ J 7 such that 
E — E C [/, which implies that 

(11.33) ECx + UCx + U 

for every x E E. It follows that ir + £/ is a compact set in X which is also an 
clement of T for each x £ E, and hence that J 7 converges to an element of A 
under these conditions. 
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11.7 Ultrafilters 

A filter J 7 on a set X is said to be an ultrafilter if it is maximal with respect 
to refinements. More precisely, this means that if J 7 ' is a filter on X which is a 
refinement of J 7 , then T' = J- . If p G X and T(p) is the collection of subsets E 
of X such that p G E, then it is easy to see that Fip) is an ultrafilter on X. If 
J 7 is any filter on X , then there is a refinement of J 7 which is an ultrafilter, by 
standard arguments based on the axiom of choice through Zorn's lemma or the 
Hausdorff maximality principle. 

Suppose that X is a topological space, and that K C X is compact. If 
J 7 is a filter on X that contains K as an element, then there is a refinement 
T' of T that converges to an element of K, as in the previous section. If T 
is an ultrafilter on X, then it follows that T converges to an element of K . 
Conversely, suppose that K C X has the property that every ultrafilter on X 
that contains K as an element converges to an element of K . Let T be any filter 
on X that contains K as an element, and let J 7 ' be a refinement of J 7 which is 
an ultrafilter. In particular, J 7 ' contains K as an element, and so J 7 ' converges 
to an element oi K, by hypothesis. Thus T has a refinement that converges to 
an element of K, which implies that K is compact, as in the previous section. 

Let J 7 be an filter on a set X, and suppose that B C X has the property 
that B fl E ^ for every E G T . Let T* be the collection of subsets of X of the 
form B n E for some E E T . It is easy to see that T* is a pre-filter on X , and 
that the filter J-' generated by T* is a refinement of T . If J 7 is an ultrafilter on 
X, then it follows that T = T' . In particular, this implies that B G J 7 under 
these conditions. Conversely, suppose that J 7 is a filter on a set X with the 
property that \f B <Z X satisfies B n i? ^ for every £ 6 J, then B 6 J. Let 
us check that J 7 is an ultrafilter on X in this case. Let J 7 ' be a refinement of 
J 7 , and let B be any element of J 7 '. If E 1 G J 7 , then E G J 7 ', which implies that 
BC\E E J 7 ', and hence that Bnfi^f). By hypothesis, it follows that BeJ, 
so that J 7 = J 7 ', as desired. 

Let J 7 be an ultrafilter on a set X, and let B be any subset of X. If BC\E ^ 
for every E E then B e J, as in the preceding paragraph. Otherwise, if 
B n £ = for some E G J 7 , then £ C which implies that X\B G J 7 , 

because J 7 is a filter on X. Conversely, suppose that J 7 is a filter on X with 
the property that for each B C X, either B G J 7 or X\_B G J 7 . Let us show 
that this implies that J 7 is an ultrafilter on X. Let B be a subset of X such 
that B n E 7^ for each E E J-. If X\B G J 7 , then we get a contradiction, 
by applying the previous condition to E = X\B. This implies that B £ Jin 
this situation, and hence that T is an ultrafilter on X, by the criterion in the 
previous paragraph. 

Now let A be a commutative topological group. A subset K of A is said to 
be totally bounded in A if for each open set U in A with G U, K is contained 
in the union of finitely many translates of U. If K is compact, then it is easy to 
see that K is totally bounded, by covering K by translates of U and reducing to 
a finite subcovering by compactness. If d(x, y) is a translation-invariant metric 
on A that determines the same topology on A, then one can check that K C A 
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is totally bounded as a subset of A as a commutative topological group if and 
only if K is totally bounded as a subset of A as a metric space with respect to 
the metric d(x, y). 

Suppose that K C A is totally bounded, and that J- is an ultrafiltcr on A 
that contains K as an element. Let us check that J 7 is a Cauchy filter on A 
under these conditions. Let U be an open set in A with G U, and let V be an 
open set in A such that G V and V — V C {/. Because X is totally bounded 
in A, there are finitely many elements xi, . . . , x n of A such that 

n 

(11.34) Kc{J(x j+ V). 

If Xj + V e J 7 for some j, then we get the desired Cauchy condition, since 

(11.35) (xj + V)-(xj+V) = V-VCU. 

Otherwise, A\(xj + V) G T for each j = 1, . . . , n, because T is an ultrafiltcr on 
A. Of course, this implies that f]" = i(A\(xj + V)) G because J 7 is a filter on 

A. Equivalently, this means that j4\^UJLi( x j + e which contradicts 
(11.34) and the fact that K G J*. 

Suppose now that A is complete, and that if C A is both closed and totally 
bounded. If T is an ultrafilter on A that contains K as an element, then T 
is a Cauchy filter on A, as in the preceding paragraph. This implies that T 
converges to an element p of A, because A is complete, and that p G K, because 
K is closed in A. It follows that if is a compact set in A under these conditions. 

Let X and Y be sets, and let / be a mapping from X into Y. If T is 
an ultrafiltcr on X, then the corresponding filter f„(J-) on Y as in (11.22) is 
an ultrafilter on Y. To see this, it suffices to check that for each subset B 
of Y, cither B G f*(J~) or Y\B G f*(J~)- This is the same as saying that 
/ _1 (B) G T or /-^ryS) G J 7 , because of the way that is defined. Of 

course, f~ 1 (Y\B) = X\f~ 1 (B), and either /^(B) G J" or X\f- l (B) G J", as 
desired, because J 7 is an ultrafiltcr on X . 

Now let I be a nonempty set, and suppose that Xi is a topological space 
for each i G i. Also let X = Y\ ieI Xi be the Cartesian product of the X^s, 
equipped with the product topology. If K t is a compact subset of X^ for each 
i G i, then Tychonoff's theorem states that K — Y\ ieI Ki is a compact set in X. 
There is a nice proof of this using ultrafilters, as follows. It suffices to show that 
if J 7 is an ultrafilter on X that contains K as an element, then J- converges to a 
point in K . Let pi be the obvious coordinate projection from X onto Xi for each 
i G /, so that is an ultrafilter on Xi for each i G i, as in the previous 

paragraph. It is easy to see that Ki G (pi)*(J 7 ) for each i G /, so that (pi)»(J 7 ) 
converges to an element Xi of Ki for each i G i, because ifi is compact. Using 
this, one can check that T converges to the point x G K defined by Pi(x) = Xi 
for each i G i, as desired. 
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11.8 Equicontinuity 

Let X be a topological space, and let C(X) be the space of continuous complex- 
valued functions o X, as usual. A collection E of complex- valued functions on 
X is said to be equicontinuous at a point p £ X if for each e > there is an 
open set U CI such that 

(11-36) \f(p)~f(q)\<e 

for every q £ U and / £ E. Of course, this implies that each / £ E is continuous 
at p. Suppose now that _E C C(X) is equicontinuous at every point and 
let if be a nonempty compact subset of X . 

Also let e > be given, and for each p £ K, let f (p) be an open set in X 
such that p £ U{p) and 

(11-37) |/(p) -/(<?) | <e/3 

for every q £ U and / G -E. Because if is compact, there are finitely many 
elements p\ , . . . , p n of K such that 

n 

(11.38) K C |J tffo). 

li f,g € E and g G U(pj) for some j = 1, . . . , n, then it follows that 

(11.39) |/(g) - 3 (<z)| < 1/(9) - f( Pj )\ + \f{p 3 ) - g(p 3 )\ + \g(p 3 ) - g(q)\ 

< \f( Pj )-g( Pj )\+2e/3. 

This and (11.38) imply that 

(11.40) \f(q) - g(q)\ < max \f( Pj ) - g( Pj )\ + 2 e/3 

l<j<n 

for every f,g £ E and q £ K. 

Suppose in addition that E is uniformly bounded pointwisc on X. More 
precisely, this means that for each p £ X there is a nonnegative real number 
C{p) such that 

(11-41) \.f(p)\<C( P ) 
for every f £ E. If we consider 

(11-42) (/(Pl),.-.,/(Pn)) 

as an element of C™ for each / £ C(X), then it follows that the set of (11.42) 
with / £ E is a bounded subset of C™. Since bounded subsets of C n are totally 
bounded, we get that there are finitely many functions fi,...,f r in E with the 
property that for each f £ E there is an I = 1, . . . , r such that 

(11.43) max \f( Pj ) - M Pj )\ < e/3. 

l<j<n 

Combining this with (11.40), we get that 

(11-44) sup|/(g)-/,(g)|<e. 
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CHAPTER 11. COMPLETENESS 



As before, C(X) is a topological vector space with respect to the topology 
determined by the collection of supremum seminomas associated to nonempty 
compact subsets of A. In particular, C(X) is a commutative topological group 
with respect to addition and this topology. The previous discussion shows that 
E C C(X) is totally bounded in C(X) as a topological group with respect to 
addition and this topology when E is equicontinuous at every point in X and 
uniformly bounded pointwise on X . 

If E is also a closed set in C(X), then E is compact with respect to this 
topology. This follows from the discussion in the previous section when C(A) 
is complete as a commutative topological group with respect to addition, which 
we have seen holds when X is locally compact, and when there is a countable 
local base for the topology of X at each point. Otherwise, one can show directly 
that E C C(X) is complete in the sense that any Cauchy net of elements of 
E converges to an element of E when E is equicontinuous at each point in X 
and closed in C(X). Indeed, if a net of elements of E converges pointwise to a 
function / on A, and if E is equicontinuous at every point in X , then it is easy 
to see that / is continuous on X. Using this, one can check that any Cauchy 
net of element of E converges to an element of E with respect to the usual 
topology on C(X) when E is equicontinuous at each point in X and closed in 
C(X), by essentially the same arguments as in the other cases of completeness. 
As before, this implies the analogous completeness condition in terms of Cauchy 
filters, which can also be checked directly in a similar way. Alternatively, one 
can embed £ in a Cartesian product, as in Section 4.7. 

In the other direction, if E C C{X) is totally bounded, then E is uniformly 
bounded pointwise on A, as well as on compact subsets of X. If, in addition, 
X is locally compact, then E is equicontinuous at every point in X. Otherwise, 
the restrictions of the elements of E to compact subsets of X are equicontinuous 
at each point. 

Let C(X, T) be the space of continuous mappings from X into the unit circle 
T, which is a closed subset of C(X) with respect to the usual topology. It is 
easy to sec that C (X, T) is also a commutative topological group with respect 
to pointwise multiplication of functions and the topology on C (A, T) induced 
by the one on C(A). As in Section 11.4, a net of elements of C(A, T) is a 
Cauchy net of with respect to addition if and only if it is a Cauchy net with 
respect to multiplication, because of (11.13). Similarly, a set E C C(X, T) is 
totally bounded as a subset of C(A, T) as a topological group with respect to 
multiplication if and only if E is totally bounded as a subset of C(A) as a 
topological group with respect to addition. 
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